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NONLINEAR BEHAVIOR OF ACOUSTIC WAVES 
IN COMBUSTION CHAMBERS 
F. E. C. Culick 
ABSTRACT -
This report is concerned with the general problem of the nonlinear 
growth and limiting amplitude of acoustic waves in a combustion chamber. 
The analysis is intended to provide a formal framework within which prac- 
tical problems can be treated with a minimum of effort and expense. 
a r e  broadly three parts. First, the general conservation equations are 
expanded in two small parameters, one characterizing the mean flow field 
and one measuring the amplitude of oscillations, and then combined to 
yield a nonlinear inhomogeneous wave equation. Second, the unsteady 
pressure and velocity fields a r e  expressed a s  syntheses of the normal 
modes of the chamber, but with unknown time-varying amplitudes. 'This 
procedure yields a representation of a ger.era1 unsteady field as a system 
of coupled nonlinear oscillators. Finally, the system of nonlinear equations 
is treated by the method of averaging to produce a set  of coupled nonlinear 
f i r s t  order differential equations for the amplitudes and phases of the 
modes. 
quite inexpensively. 
There 
These must be solved numerically, but results can be obtained 
Subject to the approximations used, the analysis is applicable to 
any combustion chamber. The most interesting applications a r e  probably 
to solid rockets, liquid rockets, o r  thrust  augmentors on jet engines. 
The discussion of this report i s  oriented cowards solid propellant rockets. 
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I. INTRODUCTION 
The purpose of this analysis is to develop a suitable framework for 
studying the growth and limiting amplitude of acoustic waves driven mainly 
by interactions with combustion processes. Although the emphasis here  is 
on the problem as it a r i s e s  in solid propellant rocket motors, other cases 
can be treated in the same way. For  example, since sources of mass and 
energy within the volume a r e  accounted for, unstable waves in liquid rocket 
motors and engine thrust  augmentors may be regarded as special cases. 
The principal distinguishing features of the solid propellant motor a r e  the 
source of mass and energy at  the boundary, and the non-uniform flow field. 
A primary motivation is to produce analytical results which may be 
used to interpret data. Fo r  many practical situations, elaborate numerical 
roniputations based on the governing differential equations are inappropriate 
owing to uncertainties in the required input information. The essential idea 
pursued here is to convert the governing partial differential equations to a 
set  of ordinary nonhlear  diffarential equations in time, for the amplitudes 
of the normal modes of the chamber. 
strongly conditioned by previous work on the linear stability of the normal 
modes [Culick (1973 -1975)] and constitutes a development and extension of 
recent work on nonlinear behavior, Culick (1971). 
was based on the observation that an oscillatory motion in a solid propellant 
motor very often exhibits quite clean sinusoidal behavior even when the 
amplitude attains a limiting value much larger than those a t  which nonlinear 
effects a r e  clearly evident in, for example, acoustic resonance tubes driven 
at  room temperature. 
sented approximately in the form of a standing wave having time-dependent 
amplitude, 
The way in which this is done is very 
The precursor of this work 
This suggested that the acoustic field might be repre-  
-3- 
where k = w / a  is the wavenumber. 
distorted by fractional amounts of the order of the Mach number of the mean 
flow, which, as shown by Culick (1971), need not be explicitly determined 
within the approximations used. 
amplitude ~ ( t ) .  
shape in space, but the amplitude varies in time. For example, i f  one 
exaw.ines the fundamental mode of a T-burner, 4 = cos (z/L) and the mid- 
plane of the chamber is always a nodal plane. 
The true wave structure in space is 
The problem comes down to finding the 
Thus, the unstable wave is regarded as one having a fixed 
The argument in the earlier work led to the nonlinear equation for q, 
(1.3) 
- 2  
T + W  T + + ( T , : )  = 0 
where, partl:? by assumption and partly from the analysis 
Equation (1.3) describes, a s  one would anticipate on physical grounds, a 
nonlinear oscillator, and it is often possible to attach a physical interpre- 
tation to the coefficients a, pl,  p2, Y1, Y2. 
Approximate solutions to Equation (1.3) have been constructed both 
by the method oi averaging, Krylov and Bogoliubov (1947), Bogoliubov and 
Mitropolsky (1961 ), and by expansion in two time variables, Kevorkian (1966). 
Although differing in certain details - for example, higher appnximations 
a re  more easily constructed by using two time variables - the results 
obtained by the two methods a r e  equivalent. In either case, the first 
approximation has the form 
q (t) = O(t) sin(wt + CP (t)) (1.5) 
-4- 
The amplitude Q(t) exhibits the correct gross  behavior; during growth, a(t) 
increases from an arbitrari ly small value, progressing through a period of 
linear behavior ( 0 - exp (at)), and ultimately leveling off at some limiting 
value determined by the coefficients in f(q, fi ). 
However, the approach just described fails in what appears to be an 
important respect. That is, even to second order in some small parameter 
characterizing f, no even harmonics a r e  generated. This is not only con- 
t r a ry  to observations in solid propellant rockets, and expecially in T-burners, 
but it cannot be correct  i f  nonlinear effects associated with convection (i. e., 
those represented mainly by the t e rm u *Vu ) are present. 
+ +  
It i s  therefore necessary to co-struct a new analysis. Because the 
results based on the simple analysis just described do in fact exhibit some 
important features of the behavior, it is reasonable to examine modifications 
and extensions of that approach. 
The basic idea here  is to permit explicitly, from the beginning, the 
presence of all  possible standing waves. This really amounts to stating 
that an arbitrary unsteady field can be synthesized of its Fourier components. 
Equations (1.1 ) and (1.2) a r e  replaced by the expansions 
.I, -0 
( 1 . 6 j  
The total pressure density and velocity fields a re  of course average plus 
fluctuation fie Ids 
p = p t € p '  (1 .8 )  
p = t € p '  (1.9) 
u = p u t  € u '  (1.10) 
4 + -l 
.II 
.I. 
The te rm i=O in (1 .  6 )  is simply no(t) Y O  ?resenting a shift of the average pres-  
sure. 
appear in ( 1 .  ' 
There is no corresponding velocity fluctuation, so a te rm i=O does not 
Only in $10 wi l l  the influence of no f 0 be accounted f o r -  
- 5 -  
where p is introduced a s  a dimensionless quantity measuring the magni- 
tude of the near flow speed, and E is similarly a measure of the amplitude 
of the oscillations. 
ing (see 62) .  
Both p and a r e  essentially parameters for bookkeep- 
In 4 2 the procedure for constructing the nonlinear wave equation 
is outlined. Mainly the three-dimensional problem is discussed, but some 
contributions arising from the cor responding one -dimensional analysis will 
be incorporated. There a r e  two features distinguishing this analysis f rom 
previous works treating nonlinear motions in liquid propellant rockets: 
sources of mass, momentum, and energy a t  the burning surfaces a r e  inclu- 
ded; and the mean flow field is noli-uniform. 
* 
The expansions (1.6)  and (1.7) a r e  introduced in the nonlinear wave 
equation, and in 0 3 a set  of equations for the time-dependent coefficients 
qn(t). 
forced oscillator, where the force Fn depends both linearly and nonlinearly 
on all  the T ~ :  
Each equation of this system represents the motion of a simple 
(1 .11 )  
If only the linear te rms  a r e  retained, then one can extract from (1.11) all  
known results for linear stability analysis. The nonlinear te rms  ar i se  f rom 
the gasdynamics in t t e  chamber, the combustion, and other processes. 
Only the contribution from the gasdynamics can presently be given simple 
explicit forms. Owing to the manner in which the problem has been formu- 
lated here, many of the nonlinear te rms  represent coupling between the 
modes. It should be noted also that te rms  representing linear coupling ar ise  
a s  well, both from the gasdynamics and from the combustion processes. 
realistic approximation to the situation in rocket motors. 
of thrust augmentors, one must account for nonuniform average temperatures 
and densities, which c a n  be done within the framework developed in this report. 
::< 
The average pressure, density, and temperature a r e  assumed to be uniforrr-, a 
To t reat  certain typ.es 
-6 - 
In fj 4 an approximate means of solving the set (1.11 ) is discussed. 
While it is true that if Fn is given, thq coupled equations can be solved 
numerically, this may be a relatively expensive procedure. The purpose 
here is to provide a considerably faster and cheaper mcans of obtaining 
the inform;;ion desired. 
generically the "method of averaging. " It i s  base+ on the assumption - -  
almost always valid fo:. the unstable motions encountered in practice-- that 
the motions exhibit relatively slowly vai-yi;ig amplitude and phase. 
the functions q (t) a r e  represented as 
Here the technique used is essentially that termed 
T h s ,  
n 
qn(t)  = an(t)s in  (writ t c P n ( t ) )  = An(t)sin wnt  t B (t)cosw n t 
According to the basic assumptior, used, the quantities an, cPn, An, Bn 
suffer only small fractional changes during one period of the oscillation. 
The analysis then produces coupled - f i r s t  order ordinary differential equa- 
tions, a system which i s  cheaper to solve than the system oi second order  
equations. 
(1.12) n 
The system o i  f i rs t  order Jquations is  valid for problems in which 
the frequencies of the higher moLes a r e  not necessarily integral multiples 
of the fundamental frequency. In $ 4  the general equations a r e  given. As 
an elementary example, the motions of two cou.pled pendula is analyzed in 45.  
this shows the familidr beating of the oscillations, a feature which seems 
not to have been accommodated by previous applicaiions of the method of 
ave raging . 
Many practical problems involve purely longitudinal ("organ pipe") 
modes, for which the frequencies a re  integral multiples of the fundamental. 
The system of nonlinear first  order equations simplifies considerably for 
this case, treated in 56.  
representations of piocesses responsible for the loss and gain of energy 
For applications, it  is necessary to incorporate 
-7 - 
by the waves. An approximation to the interactions between pressure waves 
and surface combustion is described in 97. One way of handling the loss of 
energy due to particles suspended in the gas is covered in 98; the results 
show favorable comparison with more exact numerical calculations reported 
elsewhere. 
are examired. 
a change in the average pressure: this is discussed in $10. 
In $9, linear and nonlinear viscous losses on an inert surface 
Associated with the nonlinear unsteady motions there is also 
Several examples of unstable motions in motors and T-burners a re  
covered in 611. 
results previously reported; again, the agreement appears to be quite good. 
The cases have been chosen for comparison with numerical 
As noted above, the andvsis  has been strongly motivated by previous 
work on the linear stability of motions. 
One of the attractive features of the formulation cf the nonlinear behavior 
is that the more familiar linear results a r e  not merely accommodated, but 
explicitly incorporated and used. 
problem concerns the influence of coefficients characterizing linear behavior 
on the nonlinear behavior. The coefficients a r e  proportional to the r ea l  and 
imaginary parts of the complex wavenumber computed in the l inear analysis. 
Nonlinear behavior ai>pears to be quite sensitive t o  their values; a few ex- 
amples a re  included In the brief discussion given in $12.2 .  
In $12 the connection is discussed. 
An interesting and important unsolved 
Analysis based on expansion in normal modes with time-dependcnt 
coefficients have ear l ier  been reported for uneteady motions in liquid pro- 
pellant rocket motors [e. g. Zinn and Puwell (1970), Lores  and Zinn (1973) 
and other works cited there]. 
by solving the seconc' order equations for the amplitudes. 
se t  of f i r s t  order equations was not effected. 
must be substantially greater. Moreover, interpretation of the formal rep-  
Results were obtained for specific problems 
Redwtion to a 
Thus, the computational costs 
sentation, and incorporation of processes such as particle damping and s u r -  
face heat losses appears to be somewhat more difficult than for the analysis 
developed here. It is likely that the techniques discussed in the references 
cited above and those discussed in this report  should produce the same sec-  
ond order equations for the same problem. This has not been verified. 
II. CONSTRUC'rION OF THE NONLINEAR WAVE EQUATION. 
The nonlinear wave equation for the pressare  is constructed by 
suitably combining the conservation equations and the equation of state. 
?or applications to solid propellant rocket motors, it is necessary to 
t reat  the medium in tile chamber a s  a two-phase mixture of gas and parti- 
cles. Culick (1974) has outlined the steps necessary to produce the equa- 
tions for the velocity and pressure 
4 
-* 4 - 4  au + p u .  vu t v p  = 62 - 0 
P P a t  
Here, p i s  the densitv of the mixture, p = pp t pg , and H is the ratio of the 
mass of particulate I latter to the mass of gas in unit volume of chamber: 
H = pp/pg. It will be assumed throughout that K is a constant in both space 
and time, With C the specific heat of the particulate material, the propsr- 
t ies of the mixture are:  
c t nc 
V 
V = 1 t H  
- 
- 3 L  
c v  
c t HC 
-P Y =  "P - 1 t H  
-9-  
The equation of state is 
RPRT 
1 + K  p = EpT = (2.4) 
where R is the gas constant for the gas only, and - e = R/(1 +n). 
Note that (-) is used In (2.3) and (2.4) to denote certain material  proper- 
ties of the mixture. 
= 
P V  
Later the same notation will be used to  denote time 
averages of variables. 
The force of interaction 
particles is represented by 
au  
P -. = P = - [ P p a t  
and heat transfer between the gas and 
t ppGp V Z  ] 
P 
(2.5) 
The differences between the local values of velocity and temperature a r e  
6T = T  - T  
P P 
Then the differential force and heat transfer are 
-. -1 6 3  P = -Ja;y 2 t (GP* vup - U ’  vu) 4 
(2.7) 
All symbols are defined in the list of the end of the report; additional details 
leading to the forms quoted here  may be found in Culick (1974). 
The nonlinear wave equation is found from (2.1) and (2.2)  a s  
!?E! - 7 p v .  Q F -y3v-(;*v;)  -[T% v (2.10) 
at2 
where 
The corresponding results for purely one -dimensional problems Lsee Culick 
-10- 
(1973, 1974) for further details of the formulation] is 
+at at t -  
with 
- 
R - u ) F p + u Z l  t (e -e )w +(Q+aQp)  
P O O P  
(2.12) 
(2.13) 
(2.14) 
ic 2 2 2  
S1 = &l[ (1 t %)TE(T t AT) t F {y, - u2 t n(u pb - up )]nbdq 
C 2% 
It has been assumed, to obtain the form shown for  Slethat AT8 the difference 
between the temperature of the material a t  the edge of the combustion zone 
and the average value in the chamber, is the same for both gas and particles. 
This is  not an essential assumption, but is done here to simplify the formulas 
somewhat. 
to-one correspondence between the terms of (2.10) and (2.12). 
Note that except for extra terms in Z l  and S1, there i s  a one- 
There a r e  two ways of proceeding towards soluble problems. A 
formal expansion procedure can be applied directly to the complete wave 
equations, (2.10) and (2.11); or  the f i rs t  order equations (2.1) and (2 .2)  
-1 1- 
can be expanded, and the wave equation formed. The results are identical, 
but because the second calculation is somewhat simple?, it is given here. 
Sabstitute the expansions (1.8) - (1.10) into (2.1) and retain only 
te rms  tcb second order  in 8 to find: 
where I?' is the fluctuation of P. To this point te rms  to all orders  of p have 
br:t.n rekined, and no assumption has been made about the ordering of 6 F  I, 
U' a2d P'. Eventually only te rms  to first order  ki the mean flow speed will 
4 
P 
4 
be retained, so the mean pressure and density will be constant. For 
- -2 simplicity, use that iact now and writ: = Po' P = Po? a = TPo/Po- 
The nonlinear wave equation may be formed now by differentiating 
(2.17) with respect to time, and substituting (2.16) into the seaond term 
on the eft hand side. Some rearrangement gives 
(2.18) 
The boundary conc!'-.ion accompanying (2.18) is found by taking the component 
The cnt -dimensional counterparts of (2.17) and (2.18) are easily 
4 -a 
deduceu by replacing 0 by 8/82, and the divergence V*v of a vector v by 
-- - 
*'Vote that po stands .'or the average value of the density of the mixture: 
P o  = pp0+pgo = P g o ( l + K ) .  
-12- 
-1 S a/8e(Scve). Also, is replaced by El and P by P1 + S1. 
C 
For  computations of linear stability,only te rms  of order  p appear on 
th the right hand sides cf both (2.18) and (2.19). 
mode then has the form (1.1 ), with q(t)  a simple exponential, 
The solution for the n 
(2.20) 
Thus, the first influence of the perturbation produces a growth o r  decay; 
an is proportional to the average flow speed, characterized by )I. There is 
a small change of the frequency, but the spatial structure of the mode, +n, 
is undistorted in first approximation. 
extended: 
second order in the mean flow speed, and the first order  distortion of the 
Calculations of-that-sort can be 
the next approximation provides a formula for an correct to  
mode shape. 
The purpose here  is to develop a description of nonlinear temporal 
behavior associated with second order acoustics. The perturbations associ-  
ated with combustion and mean flow are the same a s  those accounted for in 
the treatment of linear stability. 
appear in (2.18) and (2.19), it is necessary that the undistorted mode 
shapes should be used on the right hand sides. 
2 that terms of order  p , ep and higher a r e  neglected compared with those 
of order p and '6 . 
to the small parameter p and e. 
In order  that only linear te rms  in )I should 
Formally, this step implies 
This corresponds to the following limit process applied 
Consider, for example,only the two terms on the right hand side of 
(2.18), 
The acoustic velocity field with first  order distortion is  
-1 3- 
4 
where ual is the classical acoustic field. Substitution gives 
Now let p, € + 0 but €/)I- 3 (1 ). 
the undistorted par ts  of the acoustic field. 
the other t e rms  on the right hand sides of (2.18) and (2.19). 
can be extended to higher order  in both p and e .  
Only the first terms survive, containing 
Similar reasoning applies to 
The procedure 
The expansions (1.6) and (1.7) a r e  therefore appropriate. How 
they a r e  used to give a coupled set of equations for the amplitudes %(t) 
is described in the next section. 
LII. ORDINARY NQNLINEAR EQUATIONS FOR THE AMPLITUDES. 
Then the nonlinear wave equation (2.18) and boundary condition (2.19) become+ 
.I, 1- 
The ordering parameters a r e  hereafter suppressed except in hv and f 
V' 
-14- 
9 
;. Vp' = - f  - f  - f , - f  V (3.9) 
S P  
Multiply (3.8) by the mode shape +n for  the nth mode and integrate over 
the volume of the chamber. The first term on the left hand side can be 
re-written using Green's theorem, and (3.9) is then substituted. 
must be made of the following properties of the ~ J J ~ :  
Some use 
i+i 'v+n = o  (3.11) 
k 2  = w 2/$ 
n n 
(3.12) 
(3.13) 
These operations lead to 
Because of tlie orthogonality (3.12) of the +n, substitution of ( ?  . 7 )  
in the left hand side J f  (3.14) gives 
(3.15) 
where 
= s+n2dV (3.16) 
For the one-dimensional formulation, the equation corresponding to (3.15) 
is 
-15- 
where 
L Et 2 = JlC2Scdz 
0 
(3.18) 
1 
flw = - (6Fp' - X i )  (3.25) 
3.2 Evaluating the Linear Terms 
After some r e  -arrangement, one can establish the following identities: 
4 = L +  h dV t 6s f dS'= pok2J(u* u')$ndV - p J [ t ' X L - X E j *  V+ dV J'+n n v  0 n 
t'J+ [t*VF tv8&V*g]dV (3. 26) S n  
REPRODUCIBILITY OF THE 
r R ? M A L  PAGE IS POOP 
-16- 
( 3 . 2 7 )  
(3 .28 )  
(3 .29 )  
The terms in (3.28) and (3 .29)  represent the influences of both surface and 
residual combustion within the volume; the contribvtions associated with. 
condensed material swpended in  the gas; and, for the one-dimensional 
problem, the effects 0 . c  flow entering f i  om the h t e r a l  boundary. 
the peculiarly one -dimznsional t e rms  will be combtned in  the three-dimensional 
problem according to the prescription discussed by Culick (1975). 
plify writing, define the functions H, H1 and L1, which appear in (3. 34) and (3. 35): 
Later( 0 3. 3) 
To sim- 
(3. 30) 
(3. 31) 
(3. 32) 
The acoustic quantities appearing in (3.26) and (3.27) a r e  apprcxi- 
mated by the expansio-is (1.6) and (1. 7)  to give” 
t (7-1) !JIiqnV*?dv 
apt - 1 
t -  -2 a 1 n G - A d S  
(3 .33)  
.. 
.1, -6- 
A s  noted in connection with (1.6), qo wil l  be assumed to be zero throughout 
except in 610. 
-17- 
The t e rms  containing fs and f l s  a r e  conveniently combined with the last 
t e rms  of (3.32) and (3. 33). Then with the preceding results, Equations 
(3.33)* 
( Continued ) 
* 
The signs of [ ] alld the surface integral have been changed so 
(3.34) 
.- -I 4 A  u ~ . n  = and u.; = a re  positive inward. 
Ub 
-18- 
(Continued from Page 16) 
(3 .34)*  
3 . 3  Surface Te rms  in  the One-Dimensional Problem: Combinin.: 
the One - and Three-Dimensional Problems 
It is the function L which contains the t e rms  found in the one-dimensional 1 
approximation. Only the l inrzr forms wi l l  be treated i n  this work. With the 
definitions (2.13) and (2. 15), L1 to first order  is 
It is readily established, Equation (3.  11) of Culick (1974) that 
b 
U - AT' 
(3.35) 
(3. 3 6 )  
Then because the integral over dz dq is the integrcl over the la teral  su r -  
face, we can write 
v 
The s i g n  of u' in [ 3 has been changed so that U; i s  positive inwarct b at the end surfaces. 
-19- 
Lt is a good approximation for most practical problems that the temperature 
fluctuations within the chamber a r e  nearly isentropic. 
* 
With this assumption, 
2nd the approximation that the composition of the material  leaving the com- 
bustion zone is the same as that within the chamber (so p 
last identity can be written 
= (ltlt); ), the 
g 0 
The t e rms  multiplied Ly ( r -1)  i n  (3. 34) and (3. 37) combine to give 
(3. 38) 
where use has  been -de of the continuity equation for one-dimensional flow. 
Substitution of (3. 37) and (3 .38)  into (3. 34) then leads t o  
(Continued) * 
This assumption which, at the expense of substantially more labor, (.an 
be relaxed, means tha+. temperature or entropy wa~res (convected by thc 
average flow) a r e  not -:epresented in  the volume of the chamber. NorAs-m- 
tropic temperature fluctuations at the surface a r e  accounted for (AT f 0). 
There is  at present no evidence or  calculation showing how important this 
inconsistency might be. 
of nonisentropic surface combustion on the acoustic field, but interactions 
between the entropy wttves and the acoustic waves a r e  ignored. 
Essentially what is included i s  the direct influence 
L 
(3.  39) 
Note that the s.irface integrals i r ?  (3. 39) extend along the lateral 
boundary only, and that the velocities uk, u appearing in those integrals 
a r e  positive inward. 
b 
The second set of  brackets containing surface te rms  
obviously correspond exactly to the surface integral in (3.34). 
to the argument proposed by Culick (19743 these should be written in  the 
general case as 
According 
* 
where u I 1 '  and u i  botii stand f o r  the f o r m u l a  (3. 36). 
Moreover, the surface te rms  contained in  che last brackets o f  (3 .39)  c in  be 
incorporated i n  the three-dimensional problems in  the form 
Consequently, with prc.per interpretation, all prob'.ems are represente by 
the equation 
(3.40) 
-~ ~ ~ * 
The symbols u;, u t I I ,  d L ,  6 ,I a re  defined and discussed in 5 4 of Culick 
( 1  '37 5). 
That the nonlinear -erlns for the one- and three-dimensional problems cor re-  
spond exactlv, and thc Fefore can be accommodated a s  shown in (3 .40) ,  is 
demonstrated in  the ntxt section. 
3.4 Nonlinear Terms 
To the order considered here, there a r e  no nonlinear te rms  explicitly 
dependent on the mea2 flow. 
useful for the classical problem of nonlinear waves in a resonant tube. 
special considerations a re  required for the one-dimensional problem. 
the definitions (3.2) slid (3.6), 
The representations will  therefore be directly 
No 
With 
(3.43) 
It is  within the approximations already introduced to  use the zero order 
acoustic approximations in these integrals : 
(3.44) 
-22  - 
Then (3.43) may be written as 
- - 2 -  4 
= y [V $n. (Gt* V G ' )  - JI,[ ~ ( V - U ' )  +u'* VfV.u'))]d~ I, 
-2 In the first t e r m  of the second integral, the approximation p' w a p t  has 
been used; this is consistent with (3.44). Now substitute the expansions 
(1.6) and (1.7) to find, with the t e rms  involving 7 
* 
dropped, 
0 
where 
Four integrals appear in  these definitions: 
Iij = 1 VqlnD (vqi- V(G$.)]dv 
In  J 
tn = 1 "'kn' Ni vql. 1 dv 
J 
V Jli*V$. dv - i j  - 
"3n - JIn 3 
= 1 ql ql. $. dv 
Inij n l J  
J 
(3.46) 
(3.47) 
(3.48) 
(3.49) 
(3.50) 
(3.51) 
(3.52) 
* 
More detailed consideration has been given by Chester 
of acoustic approximations in the representation of finite 
(1961) to the use 
amplitude wat es. 
-23 - 
Then (3.47) and (3.48) a r e  
2 2  ij t k2 I ij - y ki k. I - 2 2 2  y E n  ki k. Anij = 
‘In j 3n J W 3 
- 2  
i j  - 2  = IZn t I3 - ~ k .  I YEn -- 
-2 d ‘nij 3 nij  
(3.53) 
(3.54) 
One can eventually reduce (3.49)-(3.51) to multiples of I nij- 
1 4  2 2 2  1 2 2 2 2  1 2 2 2 2 2  ij = a [kj -orn -ki ) J Inij = T kn (ki tk.  -kn )Lj t y(k. -ki )(\ +k. -kn )Inij 
‘In J J J 
1 2  1 2 2  = - k I t $k. -ki )Inij 1 2 2 2  
2 n nij J 
Iij = - (k. -ki tkn  )In;j 2n 2 J 
1 2  2 2 ij = - (k. t k. - kn)Inij 
‘3n 2 1  J 
(3.55) 
(3.56) 
(3.57) 
The secon - parts of (3.55) and (3.56) show 1:; and 1;: decomposed intc pieces 
which a r e  respectively symmetric and antisymmetric under interchange of 
the indices (i, j). With these results, (3.53) and (3.54) become 
’ 2  J .. - Ill 2 2 2 ‘C”j +ki 2 2 - k 4 - 4 y k < k . ]  n J 
Anij - 47ki  k. En 
J 
3 , 2 2 2 2 )  + -  ‘ n i i  (k. -ki )(k. +ki -kn 
2 Y k i k j  - 2 v  J J 
Bnij 
(3.58) 
(3.59) 
Again, the two parts on the right hand sides a r e  respectively - y m  netric 
and antisymmetric in (i, j). 
combinations will ar ise:  
In 8 4, Equations (4. 32) and (4.33), the following 
-24- 
-2 2 2 2  4 
a Ini. (ki tk.  ) -kn 2 2  Anij 0. w .  f Bnij = -[ i- k. 
1 J  2 ?E," 1 J  
- 2Tk.k.*(F-l)(ki tk.  )] 
1 J  J 
(3.60) 
It should be noted that there is yet no restriction to a particular 
ceometry; the form of :he chamber influences the namerical results through 
the values of the ki and the integral Inij. Because some te rms  in IC, eq. 
(3.45), contain p', thei-e a re  non-zero values for i = 0 or j = 0. These a re  
associated with the DC shift of mean pressure due to nonlinear processes; 
this is treated separately in 9 10. 
Finally, because the nonlinear t e rms  (3.46) a r e  summed over all 
(i, j), and the coefficiei t s  Anij, Bnij a r e  multiplied by functions which a r e  
symmetric in  (i, j), only the te rms  containing the symmetric parts of A ni j' 
3 will survive. Thus, only the first brackets in  (3.60) will be required 
-'or la ter  calculations. 
ni j 
IV. APPLICATION O F  THE METHOD OF AVERAGING 
Most of the te rms  on the right hand side a r e  such that (3.40) may be 
brought to  the form 
= F  .. 2 n n + a n  Tn n (4.1) 
with 
a m  - m I 
Fn = - i CD, ti + E ni . T . 1 -  1 1 1 [Anlj fii?fj+Bnij T.T. 3 (4.2) 
i = l  i = l  j=1 
Other contributions (for example proportional to Iq. 1, q. Iq. 1, . . , , etc. ) may 
rzrise; they a r e  easily handled within the framework to be described now and 
1 J  
,iecd not be considerrd explicitly. 
-25 - 
The set of coupled equations (4.1) can be solved numerically, but at 
considerable expense. It is the intent here  to reduce the second order 
equations to  first order  equations, for which solutions may be calculated 
quite cheaply. 
many of the observed instabilities a r e  essentially periodic with amplitudes 
slowly changing in time. 
by the form (1.12) with On(t), qn(t), An(t) and Bn(t) slowly varymg junctions 
of time. 
(4.1) over an interval 7 which will be defined later. 
The basis for the approach taken is the fact that 
Each mode may tE5: ?fore be reasonably represented 
q i ia t ions  for the amplitudes and phases a r e  found by averaging 
Accounts of the method of averaging have been given by Krylov and 
Bogoliubov (1947) and Bogoliubov and Mitropolsky (1961). The results a r e  
restricted by the condition that F 
problems treated here  if the modal frequencies a r e  integral multiples of the 
fundamental, a conditim which is satisfied only by purely longitudinal modes. 
Moreover, solutions a r e  required here  for a time interval longer than that 
for which the more familiar results a r e  valid. 
t o  some approximation not clarified or  examined here - -by the following 
heuristic development. 
must be periodic. This is t rue for the n 
Both difficulties a r e  overcome-- 
Equation (4.1) represents the behavior of a forced oscillator, for 
which the motion is 
rl,(t) = 0 (t)sin@nt t Cp (to = Ansinwnt t B cos w t n n n n (4.3) 
and 
= arctan [Bn/An] 'n 
(4.4a) 
(4.4b) 
-26 - 
The energy of the oscillator is 
(4.5) 
Because the oscillator has instantaneous velocity fin, the rate  at which work 
is done on the oscillator is \ Fn. The values time -averaged over &e interval 
7 at time t a r e  
t t 7  t t 7  
t t 
Conservation of energy for the averaged motion requires that the rate  of 
change of time-averaged energy of the oscillator equal the time-averaged 
rate of work done: 
In all that follows the essential assumption is used that the fractional 
changes of the amplitude and phase a r e  small during the interval of averaging. 
The changes in time ? a r e  approximately On7 and gnT, so the assumptian 
is 
t?? n < < A  , $ 7  n < < 2 s  (4.8) 
According to (4.2), the velocity of the oscillator i s  
The inequalities (4.8) imply that the terms in brackets a r e  negligible com- 
pared with the first term; the stronger condition i s  set [see Krylov and 
Bogoliubov (1947), p. 10 1 that the combination vanishes exactly: 
6 n ~ n  cos (unt t cp,) t ansin(unt t cpn) = o (4.9) 
-27 - 
Thus the velocity and energy a r e  
f i  = onan cos(wnt + Tn) (4.10) 
8 n = o n  a 2  (4.11) 
A second consequence of (4.8) is that when the integrals i n  (4.6) a r e  done, 
6' and rp a r e  taken to be constant--i. e. they do not vary significantly during n n 
the interval of averaging. Equation (4.7) therefore becomes 
ttT 
1 do 3 = - f Fn c.os(wnt'Wn)dtl dt WnT J 
t 
(4.12) 
An equation relating $ and on is found by substituting (4. Z), (4. 9), n 
and (4.10) into (4.1). The time-averaged result it 
(4.13) 
Although On, CP 
subetantially over long periods of time. 
a r e  zpproximately constant over one cycle, they may va ry  n 
Equations (4.12) and (4.13) a r e  
then awkward to use. 
(4.12) and (4. 13) for An and gn. It is this pair of equations which wi l l  be 
used as the basis for subsequent work: 
The difficulty is avoided by solving (4. 3), (4.4), 
t t T  
- dAn = -  Fn C O S ~  t '  dtl n onT dt 
t t 7  
F sin ant' dt' dt n 
(4.14) 
(4.15) 
For Fn given Ey (4.2), the f i rs t  order equations have the form 
-28 - 
+ ( dA") (4. 16) 
t (dBn) (4. 17) 
T- nodinear 
nonlinear 
The linear contributions are: 
i n  
- 1 6 {Eni [(pni-Cni)Bi-(fni-h,)Ail} 
2Wn 
E 
=-iD 1 B t - i ; - A t -  l n n  le{ wiDni [(ffi -hni )Bi+(gni-dni )Ai 3) n n n  cu, n 2u1, linear 
p { E  ni . [ ( g  ni . -4  ni . )B . - ( f  1 ni .-h ni .)Ail} +% 
7 
7 sin(wi-un) 3: a =  7 sin[ (wi -an) (tt 3 ni (wi-wnj 
The nonlinear contributions are 
t Dnij [bij T E j  t dij T3-  "j] } 
(4.18) 
(4. 1 9 )  
(4.20) 
(4.21 ) 
(4.22) 
(4.23) 
(4.24) 
-29- 
i Dnij[bij Tz"j t d. .  Ti!]} - 1J 
where 
R 
(4.25) 
(4.26) 
(1.27) 
(4. 28) 
(4.29) 
(4. 3 0 )  
-30- 
1 a.. = - (A.A. - B.R.) 
1J 2 1 J  1 J  
b.. = z (%A. t B.B.) 
13 J 1 3  
C - .  = z (A.B. + A.B. 
iJ 1 J  J 1  
1 
1 
(4. 31)a, b, c, d 
d.. = 1 (AIBj - A.B.) 
13 J 1  
Cnij - Adj 0.0. (4.32) 
1 j - Bnij 
- W.U. t B (4.33) Dnij -Anij  1 j nij 
a r e  calculated with Equation (3.60); as noted 
Dnij 
The coefficients Cnij 
-it the end of 3 3, only the symmetric par ts  a r e  required. 
These formulas a r e  valid for any geometry; the modal frequencies 
may have any values. 
zases. 
:nvolving purely longitudinal modes, for which on = nu1. 
Considerable simplification may accompany special 
Most of the following discussion will be concerned with problems 
The interval of averaging remains unspecifizd. Two possible t ies  
the period of the fundamental oscillation; and we fairly obvious: T = T 
T = T  
averaged over the same interval, while i f  T = T 
mer its own period. Partly because the argument leading to (4.14) and 
(4.15) is not rigorous, there is no wholly satisfyinL reason for choosing 
me  or  the other alternitive. 
zquations, then it is nccessary, for (4.8) to be satisfied, that the amplitude 
and phase of the nth oscillation not change much in roughly n of i ts  own 
periods. 
1’ 
the period of the nth mode. In the first caBe, each equation is n’ 
each equation i s  averaged n’ 
If the same interval, 7 = TI, is used for all  
This same condition must be met i f  T = 7 in each of the n equations. n 
- 3  1- 
For in  the equation n = 1, On and Vn can be taken outside the integral only i f  
they a r e  nearly constant over the interval T1 = n 7 nD 
In all the problems considered here, the motions a r e  in  fact domi- 
nated by the fundamental mode: the time scale of the slow changes is 
usually longer than T1, and is essentially the same for all modes. Hence, 
the choice 7 = T is appealing and will  be used here. It happens also that 
in some cases the equations a r e  somewhat simpler. Comparison of numer- 
ical results for the two possibilities has not been made. 
1 
V. AN EXAMPLE O F  AMPLITUDE MODULATION 
It appears that applications of the method of averaging, and the 
procedure based on expansion in two time variable3 a s  well, have been 
restricted to problems for which the function Fn, Equation (4. l),  i s  periodic. 
This is true, for example, i f  the modal frequencies w a r e  integral multiples 
of the fundamental, on = nu1. 
la ter  are, for simpliclty, also based on the condition that w 
useful to examine a simple case in  which the frequencies a r e  not so related. 
n 
Because the specific examples discussed 
= nu1,  i t  is n 
This may serve not to prove but to suggest the validity of Equations (4.14) 
and (4.15). The practical importance of this conclusion i s  considerable, 
for one i s  then in  a position to treat  nonlinear problems involving tangential 
and mixed tangential/axial modes which a r e  commonly unstable in certain 
kinds of combustion chambers. 
Consider the simple problem of two oscillators linearly coupled and 
described by the equations 
-32- 
Equations (4.18) and (4.19) reduce to 
- d4 = - - K [(g.. + &..)A. + ( f a .  + h..)BjI 
dt 2 W i  1J 1J J 1J 1J (5.3) 
(5.4) 
Here, i f  i = 1, then j = 2 and ccnversely, giving four equations. For the case 
when the two oscillators have nearly the same frequency, 0 1 + 0 2  SA 2 W 1 ,  
w -0 w 0, so h.. + 1 and fi, gi, 1.. * 0. It is then a simple matter to show 
that the A, B. all satisfy the same equation, 
1 2  1J 1J 
1 1  
The coefficients all oscillate at the "beat frequency, I' approximately equal 
to K / 2  wl. 
For example, i f  the initial condition is q1 = 0, fl 4 0, then a solution 2 
is 
ql = c1 sin( t )  s in  w1 t 
2Y 
K q 2  = c2 cos(--) coswl t 
2wl 
VI. LONGITUDINAL MODES: wn = n u 1  
(5.6) 
(5 .7)  
This special case wil l  serve as the basis for m a n y  of the examples 
discussed later. The integrands in (4. 14) and (4. 15 )  a r e  now periodic, with 
period T~ : the limits on the integrals can therefore be changed from- (t, t tT)  
to (0, 7). 
and (4. 15) become 
In accord with the remarkrc at the end of 9 4, 7 = T1. Then (4. 14) 
dAn - 
d t -  
dB 
n -  
T -  
The linear coupling terms 
2dWl - 1 Fn(t)co8wntdt 
0 2an 
W W l  
(6.2) - -  Fn(t)sinwntdt 2 ~ n  
(4.20) - (4.23) dl vanish wheli w = NU n 1 '  and the 
only non-zero values of (4.26) - (4.29) a re  
Tnij - 6  = d  n , i - j  n, itj 4- 
The equations (4.16) and (4.17) are now 
0 0 0 0  
1 R t z  - = - - D  dBn 1 at 2 n n n  nn 
G 
-- 
an 
(6.6) 
- D A j  dij('n,i..j - 'q.j-1 
With the mode shape JI, = cosk gr., the integral I is n nij 
t d  - )  
V - 
'nij - i (6n,i t j  'n,i-j n, j -1  
sild the formula (3.60) gives eventually 
(6.7 1 
- 34- 
(6.9 ) 
Let 
(6.10) e n = - -  ' E  1 2 n n  (Y = --D 20, An n 
and after some arithmetic, Equations (6.5) and (6.6) can be put in the form: 
where 
?+I  
87 
P =  (6. 13) 
The first ser ies  i n  (6.11) and (6.12) a r i se  from the symmetric parts 
of Cnij and Dnij. O n e  can verify directly, in accord with the remark fol-  
-35- 
lowing (3.6C) that, because te rms  cancel one another by pairs, the second 
series in (6.10)and (6.11) vanish. Consequently, the equations to be solved 
for problems involving purely longitudinal modes a r e  
00 d B  
-n dt = n n  B -e n n  A +% c ~ ( B ~ - ~ + B ~ - ~ - B ~ ~ ) + B ~ ( A , _ ~ - ~  -n +A,+.)I (6.15: 
i= 1 
Some numerical examples a re  given in Section 10 and 11. For most cases 
considered, five modes w i l l  be treated. The explicit equations, obtained 
from (6. 14) and (6. 151, a re  
(6. 16a) 
dA2 
d t - = 0 2 2 ' 2 2  A + 4 B @A f -2s (A A3fA2A4+A3A5 )-BB 2 -28 (B  B3+ B2B4+ B3B5 1 
(6. 17a) 
-36- 
dB5 B 9 A +58(A1B5+B1A4+AZB3+B3AZ) dt= 5 5 - 5  5 
(6.20a) 
(6.20b) 
VU. AN APPROXIMATION TO THE INFLUENCE OF 
TRJNSIENT SURFACE COMBUSTXON - -
Only the s i m p l s t  representation of the infl-zence of unsteady com- 
bustion processes will be covered here. 
response to harmcnic pressure variations form the basis. 
Elementary results for the linear 
Certain of the 
features of truly transient behavior wil l  be ignored in the interest  of obtaining 
formulas which a r e  clear and inexpensive to use. 
The influence .f surface combustion is con?ained in 51 , defined by 
Zquation (3.42). 
to the force Fn in (4. I )  is 
It fsllows from (3. 40) that the corresponding contribution 
To simplify the discussion, consider only one of the pieces of U ;  e. g. ,  let 
B L  = 1, 611 = 0 ,  so (3. 42)  is 
B = ut t - u J$- : ( l tn)(rnLt  iii --) AT’ . 
’ 0  b b =o 
aO 
(7.2) 
It is best here  also to avoid the complications associated with a condensed 
phase: s e t  n = 0 , so the following results apply to  propellants not containing 
metal. 
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There exists a class  of analysis, disci,sed by Culick (1968), vihich 
produces a formula for %/% , the fluctuation of mass flux due to a smu- 
soidal variation of pressure. 
tional to the pressure fluctuation: 
This is a linear result, %/;;"b being propor- 
The response function, F t , ,  is a complex function of frequency, 
nAB 
Rb = A t - (1tA) + AB 9 (7.4) 
in which A is proportional to the activation energy for the surface reaction, 
and B depends on botk, A and the heat released by the surface reaction. Out 
of the same analyses, one can extract the formula for A'f/To [see also Krier,  
et al. (1968)J : 
Af 
TO 
-
Consequently, if  
- ---,R 's C AB n ) - + ]  - 1  . 
Po - [To Cp E b- 
( 7 . 5 )  
these results are used, ( 7 . 2 )  becomes, for sinusoidal motions, 
- 
's C AB Ts C A B + e ) ]  
+Tc O P  y ) R b - ( n F r r  O P  y PO 
Note that R ( I )  and Rt i )  are dimensionless functions of the frequency and the 
other parameters: if nonisentropic temperature fluctuation9 are ignored, R. ( r )  - - 
1 
Now the formula (7.  6)  is ,  by construction, for steady sinusoidal vari-  
ations only. The approximation suggested here  is a means of ming the formula 
under conditions when the amplitude and phase of the oscillations are varying 
in time. This is done by noting that for sinusoidal motions, i is equal to 
-38- 
a / a t  . The replacexxent is made in (7.6), and assumed to apply to all 
Thus, F/po stands for visi , and for an arbi t rary pressure field ex- modes. 
panded in the form (1.6). R in (7.1 ) will hereafter be taken as 
(7.7) 
The subscript ( Ii on Ri(r) and Ri(i) means that each function is evaluated at 
the frequency of the ith mode; these quantities can be calculated from (7.6) and 
(7.4). 
The force (7. 1 is now 
has been made in ( 7 . 8 ) :  this is con- 2 The further approximation, 5 .  M - rg.  
sistent with approximations already made in deriving the eqrrations (4. 1). 
1 1 ‘i ’ 
Finally, the r u l e  (6. 8 )  gives directly the contributio-s from surface 
combustion to a and 0;‘) to be used in (6. 12) a d  (6. 13): n 
(7 .10)  
The same procedure c XI be applied to propellants containing metal; only 
some details a r e  chan.:ed to account for n # 0 . 
A similar appraximation can be used for handling combustion within 
the  voluxlie of a chamber as one finds in liquid rockets, thrust augmentors, 
and rolid rockets exhibiting residual combustion. Although other contribu- 
tions will in general arise,  associated with mass  and momentum exchange, 
the direct contribution of energy release is  represented by the te rms  con- 
-39- 
tainjrg Q and w 
which appears ultimately in H, H1, and L1, eqs. (3.30) - (3.32). 
functions are on the right hand sides of the oscillator equations (3.39) and 
(3.41). The dynamical behavior of combustion within the volume may, for 
example, be represented by some s o r t  of response function: the well-  
known n - t  model developed by Crocco and co-workers is a special form. 
In any case, the contzibutions to the individual harmonics c a n  be approxi- 
mated as surface contbustion was handled above. No results for bulk com- 
bustion have been obtained. 
in eq. (2.2). The perturbations are part of PI, (2.1 l), 
P 
Those 
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VIII. AN APPROXIMATION TO THE LINEAR AND NONLINEAR 
A i  TENUATION CIF WAVES BY CAS/PARTICLE INTERACTIONS 
-~ _ _ ~  ~ ~~ 
P a r t  icularly ir, solid propellant rockets using metallized propellants, 
but in other systems as well, some of the combustion products appear in 
the form of liquid or  solid particles. The viscous interacting between the 
particles and the gas may, -der suitable conditions, provide a significant 
dissipation of energy. It i s  often the case that the Reynolds number based 
on the particle diameter is outside the range in which Stokes’ law is valid: 
it is necessary to use a more realistic representation of the drag force. 
This introduces another nonlinear influence in the general problem. 
Let Fn(’) dencte that part of Fnin eq. (4.11, representing the influ- 
4 
ences of inert  particles. The te rms  involved a r e  those containing 6F’ and 
P 
6Q; , the fluctuations of ( 2 . 8 )  and ( 2 . 9 ) .  By tracing the development from 
(2. 10) ant2 (2. 11) to (i.. 18) and (2.19), to (3.8) and (3. 9), to (3.40), with H 
defined by ( 3 . 3 0 ) ,  one finds that the terms in question a re  
The differential heat transfer and force acting, per unit volume, between 
the condensed phase a.nd the gas a re  defined by (2.8)  and (2.9): explicit formu- 
las can be found only :)y solving the equations of motion (2. 5 )  and (2. 6 1  with 
the force F and heat transfer Q specified. Numerical calculations 
[Levine and Culick (1972, 1974)] nave shown that for many practical cases,  
nonlinear interactions a r e  likely to be important. 
here  wil l  be based on the nonlinear laws used in those works: 
4 
P P 
The approximate analysis 
( 8 . 2 )  
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1zc 
- - -.22 ( T  - T ) [ l +  .23 Pr.33Re'55j 
'P Prp 3 P QP - 
S 
where 
Hereafter, the real flow will be treated only in a local approximation 
so that the particle motions may be treated as one-dimensional: interactions 
between particles a re  assumed to be negligible. &'or a single particle, with 
spatial variations of the motion ignored, the equations to  be solved for  u' 
P 
and T '  are 
P 
3 du' = - - 1 F = - *L(ub-u')[ 1 + i;Re 1 2 / 3 1  
P so - P  pP 
( 8 . 5 )  
To evaluate bF' and 6Q' the quantities 6u' = u' -u' and 6T' = T'  -T' are 
required: by subtracting du ' /dt  from (8 .  51, and dT' /dt  from (8. 6), one 
finds the equations 
P P' P P  P P  
with 
d6T' bT' . 55  
P + - 6 T '  = - - -  dT'  K 3 !bu r  I 
dt 7 t P  dt Tt c 
7 - - -  PrTd 
t - 2 c  
P 
(8 .7 )  
(8. 8) 
( 8 . 9 )  
(8. 10) 
(8. 1 1 )  
-42 - 
(8. 12) 
Comparison of (8.7) and (8.8) with (2.8) and ( 2 . 9 )  (again with spatial varia- 
tions ignored) gives the formulas 
(8. 13) 
As an approximation, the nonlinear terms in (8. 15) and (8.14) will be evalu- 
ated by using the 1ine.m solutions for 6u' and 6TI . With K l  = 5 = 0 , the 
linear solutions to  (8 .  7 )  and (8.8), satisfying the initial condit-ons 6u1 = 6uI 
6T' = 6T' at t = t are 
P P 
P PO ' 
P PO 0 '  
- t / T d  t t / T t  - ( t - t o ) / T t  
T'(t ')dt '-T'(t)] -[6T' -T ' ( to) l  e 18. 16) 
P T  t r e  PO 
6 ~ 1  =['e 
The second parts, arising from the initial conditions , represent short  
t e rm transients which are negligible for  t-to >>T 
they will introduce in the oscillator equations (4. 1 )  terms which depend 
explicitly on the history of the motions. 
analysis, these term:. will be ignored. 
accurate only if the periods of the oscillations (all harmonics) are long 
compared with T 
fluctuations are 
If these are retained, d '  
In the interests of simplifying the 
This is an approximation which is 
For  the nth acoustic mode, the velocity and temperature d' 
(8. 17) 
-43- 
where \ is given by (1. 12). Substitution into (8. 15) and (8. 16) gives 
(8. 18) 
(8. 19) 
The functions An and Bn a r e  taken to be constant in this part of the calcu- 
lation because the results will eventually be used in the r igh t  hand sides of 
(4. 14) and (4. 15): b e c u s e  the short t e r m  transients have been ignored, the 
lower limit on the intcagrals is to = 0. 
contained in X1 and X - 2 
Explicit dependence on frequency is 
(8.20) 2 
2 
'1 = (Wnnd)/(li.nd ) 
(8.21) x2 = (mnnt)/(l+nt 1 
where 
and n = IU T (8.22) t n t '  
Substitution oj (8. 18) and (8. 19) into (8. 13; and (8. 14) gives for the 
Rd = '''-yTd 
linear parts only, - 
(8.23) 
- 
(8 .24)  (6Qb) = Pp!Un CTo(Y-l)[- - x2 nn- (-zk - ~ , ) + f i ~ ] $ ~  
w n wn 
- 
lin Y 
These locally one-din,ensional results can be used in (8. 1 )  with dJI /dz re- 
placed by V q n  to  give 
n 
2 2 
c 1 
[Fn 'Ilin = -- [X t(Y-1): X2]dn-wn-&[-r t(7-1)- -z i 1 t K  - 1 
Rd ( P )  H C 
C l t R d  c l t n t  
P P 
(8. 2 5 )  
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Again by applying the r u l e  (6.  8), one finds for the linear contributions from 
gas  /particle interactions: 
( 8 . 2 6 )  
(8 .27 )  
Recent numerical results reported by Levine and Culick (1974) have shown 
that the result (8. 24 )  is quite good for smaller particles, and if the frequency 
is not too high. 
Reynolds number ( 8 . 4 )  becomes too large for the linear drag and heat t rans-  
Beyond limits which a r e  presently not well-defined, the 
fer laws to  be accurate. Further comments on the accuracy and some ex- 
amples a re  given beluw. 
The problem of analyzing nonlinear particle motions is avoided here. 
A correct  treatment --iould involve solving (8. 7 )  aqd (8.  8),  the results then 
being used in (8 .  13) and (8 .  14). 
the linear solutions a r e  used everywhere for 6u' and 6T'  The nonlinear 
part  of the force F i P )  is 
A very much sin,pler course is taken here;  
P P' 
where the integrals a y e :  
( 8 . 2 9 )  
(8. 30)  
(8. 3 1 )  
(8 .  32)  
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To evaluate these integrals, it is easier to  re-write the formulas (8. 18) 
and (8. 19) for three-dimensional :,lotions as 
1 1 -
+ 2 2  2 2 2  d 
bu' = ' \= )(l+n, i (A  t B  ) sin(ulnt t+n)4n 
ykn 
P 
1 -1 - 
2 2  2 2 2  t - X bT' = - (g) T o l l '(,-.")(l+Ot ) ( A  t B  ) cos(wnttQn)fn 
Y n P 
(Bn-ntA t (An+ntBn 1 
1 cos + = 1 '  t 
21' n (ltRt2)~(An2+Bn2)Z ( ltOt')2(An2tUn ) z  
sin+n = 
The formulas (8 .29)  - (8. 32) become 
(8. 3 3 )  
(8. 34) 
(8. 3 5 )  
(8. 36) 
(8. 37) 
(8. 3 8 )  
where 5 ,  = 2 / 3 ,  5 = 55 and the integrals involving the mode shapes a re  2 
(8. 40) I l  = 7 1 J (vi,) 2 l V t f n l  51 dV 
kn 
(8.41) 
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( 8 . 4 2 )  
( 8 . 4 3 )  
For cumparisnl with numerical results, these integrals will be evalu- 
ated for  longitudinal modes in a uniform chamber. 
'n n 
of J I ,  , and with 8 = k z , one c . a  show that the values are 
Then dV = Scdz and 
= cos k 2; with kn nm/L and 0 iz 5 L. By making use of the periodicity 
n 
( 8 . 4 6 )  
( 8 . 4 7 )  
To simplify writing, assume only here  that 7 = T 
in many practical casrs ,  s o  c$n 
which is very closely ?rue t a' 
d t  
+n = bn, and define the functions 
(8.48) 6 1  cn(t) = sin(,u n t t+n)  I sin(iuntt$n) 1 
( 8 . 4 9 )  
With all the preceding brought together, the nonlinear part of the 
(8. 50) 
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where 
= - 2 (.698)(1tad) 2 7 -  (8. 51) wnl r 
(8. 52)  
The time-averaging of (8. 49) according t o  (4. 14) and (4. 15), with 
T = T (see the remarks at the end of g 4 )  requires the integrals 1 
where 0 = LU t .  With 6 and x n  given by (8. 48) and (8.49), the integrals are n n 
Because the ..tegrands have period 2 ~ ,  the limits on the integrals have been 
changed from (0 ,  2 n n )  t o  (0,  2n ); the integrals a re  then multiplied by n ,  giving 
the factor n/frnT1 = ( i - r )  
which, again because of periodicity, can be changed to ( 0 , 2 1 ~ ) .  Moreover, 
it  is easy to show that the integrals over (n,  Z T )  are  equal to those over (0, IT), 
s o  one has 
- 1  . Now let  t = hi+ ; the limits become (4, i r r + + )  n 
-48- 
A l l  integrals containing c o s +  vanish, and those containing sin$ can be r e -  
duced further to the interval (0,  a/2) ,  giv'ng the result:. 
For 5 
6 2 
= 2 / 3 ,  the integ:al in I has the value 0. 6 9 8  5 s  in (8.441, and for 
1 5 
= 0. 55, the integrals in I6 a re  
TI2 2 t k 2  TI? e 
J' sin $d$ = 0 . 7 1 3  , r sin>'Jrd$ = 1. 175 . 
0 '0 
Finally, then, the intcagrals a re  
;a. 53) 
( 8 .  5 4 )  
After sin+n ai!d c c 9 4  a re  replaced by  thcir definitions (8. 35),  one 
finds for the contributions to .qn and Bn , from nonlinear gas/particle 
interactions : 
n 
dBn = 
(11 (-->I. (-An-OdBn)tVnZ(-An-ntBn), ' at n 1 t K  nl ( 8 .  5 6 )  
where 
2 . 3 3 3  
1 * 3 9 6  W n l ( A n t B n  ) 
'nl I- lT > 
8 .  57.3) 
2 2 -275 -918  (An t B n )  
vn2 = -w n nZ (8. 57b) 
Note that in ( R .  55) and (8.56), G appears explicitly in two places, and C in 
two places. Actually, what ar ises  is fi =  T T where, because of the assump- 
tion preceding (8.48), T = T~ x T~ . 
has '.Zen made whq 
numerical e r r o r s  incurred should normally be very small. 
d t 
n 
7d The arbi t rary choice T = T o r  T = 
suitable to simplify somewhat (8.55) and (8. 56). 
t 
The 
-4 few results have been obtained for the attenuation of a standing 
wave initially excited in a box of length L containing a gas/particle mixture. 
These kave Seen carried out for direct comparison with the numerical 
results reported by Levine and Culick (1974). 
given in some detail. 
loading is K = 0. 35 and the frequency based on the equilibrium speed of 
sound; is 800 Hz i n  each case. 
ties a r e  l i j ted below: 
Specific heat of the gas C = 2021.8 Joule/kgm- K 
Specific heat J f  the particle material 
Is entropic expor ent of the g a s  y = 1.23 
Prandtl number Fr = 0.8 
T e mpe rat u r  e ?' = 3416 OK 
Fr e ssure Po = 500psi  
Jiscosity of the gas = 8.834~10-~ (m ) kgm!m 
First, two cases wilA be 
The particle diameter is 2.5 microns, the particle 
Tho material and thermodynamic proper- 
0 
P 
Cs = 0.68 C 
P 
T .66 -sec 
3 = 1766 kgm/m 
P S  
Density of the condensed material 
The only differe3ce bi.tween the two cases is  that for one, the initial 
an,plitiide is  Ap/p = 0.03 and for the other Ap/p = 0.15. 
0 0 
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Figures 8-1 and 8-2 show the waveforms obtained from the 
approximate and numerical analyses. The approximate results a r e  
the solutions to Equations (6.16)-(6.2C); the linear coefficients Q ~ ,  On 
a r e  given by (8.26) and (8.27) and the additional nonlinear terms by 
(8.55) and (8.56). 
pzriod 2 L / a  for linear waves based on the speed of sound of the mixture. 
The similarities between the waveforms and the generation and decay of 
the even harmonics is apparent. 
phases between the even harmonics and the total waveform. 
to a r i s e  almost entirely in  the first cycle of the oscillation: it may be 
due to details af the numerical routines and the way in  which the compu- 
tations begin. 
ence between the approximate and "exact" analyses. 
The period used to  normalize the time scale is the 
There is a difference in  the relative 
This seems 
This difference may therefore not reflect a genuine differ- 
A more quantitative measure of the behavior is the instantaneous 
"value of the decay constant, a 
waveform. The histories of Q 
P 
8 -3 and 8 -4. 
of the report by Levine and Culick (1974). 
demonstrate that the approfimate analysis does give fairly reasonablc 
results for this case. 
defined, which a r i s e  from the approximate treatment af the nonlinear 
acoustics as well a s  the gas /particle interactions. 
calculatea for successive peaks of the 
P' 
for the two cases a r e  shown in  Figures 
Further remarks on the behavior of Q may be found in 4 7 
P 
The purpose l;?r e is only to 
There are,  however, limitations, not yet clearly 
The linear behavior used kere, described essentially by the velocity 
and temperature lags given by (8. I8j  and (8.19), is, in  fact, quite restrictive. 
Although it is not apl'arent from the analyses pre.;ented here, the work 
reported by Levine and Culick shows that the results (8.18) and (8.19) 
a r e  accurate only when o +id is small. If this condition is  met, then 6 u 
P 
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and 6T 
of the perturbation analysis used here. For  the 2. 5-micron particles, 
~L’T u . 08  at 800 Hz. The waveform and a for 10-micron particles at 
1500 Hz (sid 53 2.4) are shown in Figs. 8-5 and 8-6  for an initial ampli- 
tude of 3 per cent, computed with the approximate analysis. 
a % -530 sec 
exact numerical calculations give a w870 sec-I .  Finally, in Fig.  8-7, 
P 
the waveform calculated with the approximate analysis is shown for 30- 
micron particles at 1500 Hz (WT 
an amplitude of 1 per cent, and the numerical analysis gives -148 sec  
Note that the fractional e r r o r  between the approximate and numerical re- 
sults for  a increases with increasing WT The greater amount of har-  
monic content present when larger  particles a re  considered is due mostly 
to the reduced drag and hence reduced attenuation at the higher frequencies. 
The results from the approximate analysis can be improved for highei: val- 
ues of W + T ~  by using different functions X X2 instead of ( 8 . 2 0 )  and ( 6 . 2  1). 
Wave propagation in a gas/particle mixture is dispersive; the speed 
a re  relatively small, which is consistent with the general nature 
P 
d P 
For this case, 
-1 when the amplitude has decreased to 1 per cent; the more 
P 
= 25.8) .  The v a u e  of a is -70 sec-’ at 
d P 
- 1  . 
P d 
1’ 
of propagation depends on the frequency and particle size,  through the pa- 
rameter r - ~  
For the problems treated here, the length of the box. and hence the wave- 
length of the waves, is fixed. Consequently, a change in the speed of sound 
i t  -eflected as a shifr. of frequency. 
in Figs. 8-1, 8-2, 8-5, and 8-7 a re  not exactly equal to the period based on 
the equilibrium speed of sound. 
quency shift increases witk UJT 
frequency shift due to linear dispersion is 6f = -@/2rr ; here,  8 is given by 
(8.27) for the n mode. The actual frequency change is dominated by 0 
as well as on the amount of condensed material  present. d ’  
The periods D f  the waveforms sh$>wn 
It is obvious from the figures that the f r e -  
In 5 12, it is shown that to first  order,  the d’ 
th 
1 ;  
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TABLE 8-1 
f 
800 
801 
1505 
1504 
1695 
1740 
Summary of Results for Waves Attenuated in  a Gas/Particle Mixture 
6 f  
W T d  (Hz) 
.08 1 
.08 1 
.15 5 
.15 4 
2.4 195 
2.8 240 
Par t i  cle 
Diameter 
(Microns ) 
2.5 
- 
Approximat e 
Numerical 
. 74 
- - -  
3.8 
e 
(Hz) 
f 
800 
800 
-59 
-58 
-203 Aoproximate 
Numerical 
1500 
1500 
Numerical 
10 
Approximate 
Kamerical 
ff 
(Hz)  
954 
954 
1788 
1788 
1500 
1500 
1788 
1788 
1788 
1788 
-- 
189.9 
--- 
224.1 
--- 
- 
-509 
-509 
-6 7 
-6 9 
- - -  I -201 
I 
(@p)l% 
(see-l) 
-6 1 
-59 
-204 
-204 
-530 
-870 
- 70 
-118 
frequency based on the equilibrium fe 
1 
frequency based on the speed for the gas only, a = [ (y-l)Cp T 1" 
frequency of the calculated wave 
f +  g 
f 
b f  = f - f  
( I ~ ~ ) ~ ~ ~  decay constant for linear waves, Eq. (8.76) 
e 
( 6 ~ p l $  decay constant for the calculated wave at approximately le amplitude 
I'iOTE: 
which should have the same values when calculated by the approximate and 
numerical methods. This i s  due to a small difference in the value of some 
property, most probably the viscosity. 
Small differences a r i se  in some quantities (w Td and (ap)lin ) 
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I I I I I I I I 
, complete waveform 
'even harmonics 
0 1 2 3 u 5 6 7 8 9 10 
TIME/PERIOO 
Fig.  8 - l ( a )  Attenuation by 2. 5-micron particles at 800 Hz 
according to the approximate analysis, Ap(0)/po =: 
0. 03 .  
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I I I I I I I I ' 1  
I /complete waveform 
I 'even harmonics 
0 1  2 3 u 5 6 7 8 9 10 
TIME/PERIOU 
Fig. 8 - l ( b )  Attenuation by 2.  5-micron particles at 800 Hz 
accc rding to the approximate anJys i s ,  Ap(0)/po = 
0.15. 
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0.03 
a02 
0.01 
z a 
0 
LL w o  z 
3 
-0.01 
-0.02 
- 0.03 1 1 1 1 1 
1 2 3 4 5 6 
TIME/PERIOD 
Fig. 8-2(a) Attenuation by 2.5-micron particles at 800 Hz according to 
the numerical andyrir,  Ap(0)/po = 0.03. 
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0.15 
0.10 
0.05 
2 
OL 
0 
k i o  
3 
-0.05 
1 1 1 1 
0 i 2 3 4 5 6 
T I hl E, 'PE R 100 
-0.15 
Fig. 8-2(h)  Attenuation by 2. 5-micron particles at 800 Hz according to 
the numerical analysis, opiO)/p0  = 0 .  15. 
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I I I I I I 
V gven harmonics 
1 I I I I I I I 1 
0 1 2 3 II 5 6 7 8 9 10 
TIME/PERIOD 
Fig ,  8 - 5 .  Attenuation by IO-micron particles at 1500 He 
according to the approximate analysis, Ap(0)/po 
= 0 . 0 3 .  
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0 
0 
9 
N 
0 
9 
.-( 
9 
0 
E 
K 
0 0  
LL? w o  
> 
a 
3 
.-( 
0 
0 
I 
N 
0 
I 
9 
0 
0 
I 
9 
1 
0 1 2 3 II 3 6 7 8 9 lr! r 
T I PlE/PER I OD 
F i g .  8-7. Attenration by 30-micron particles at 1500 Mz ac-  
cording to  the approximate analysis; Ap(O)/p  0 = 0. 03. 
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values of 8 
8-1, a summary af the computations discussed here. 
and 61 calculated from the waveforms a r e  given in Tab.9 1 
These. results serve to demonstrate that the nonlinear generation of 
harmonics hao substantial influence of the detailed character of the atzenua- 
tion of waves. The rather close agreement between the approximate rzsk’ts 
and the numerical calculations under conditions when the approximation to 
the gas /particle interaction is more accurate suggests that the approximate 
treatment of the fluid mechanics (i. e. , the terms represented by I, in (3.45)) 
is realistic, at least  for moderate amplitudes. 
F iom the point of view of reducug data for the attenuatioii by 
particle/gas interactions, it is annoying that the v d u e  of the decay coilstant 
changes so much as the waves die out (cf. Figs. (3-3, 8-4 and 8-6). It is 
possible that if the hiSher harmonics sre filtered from the waveform, the 
Eehavior of u for the f i rs t  harmonic alone may nct be so extreme. 
lations have not been done to  check this point. 
Calcu- 
Perhaps the sanplest  check of the fluid mechanics alone is cal1:ula- 
tion of the behavior of a wave in a box with no pa r t ides  present. 
case, the wave must of course steepen, eventually forming a shock wave. 
Neither the exact nor approximate analyses can accommodate strong shock 
waves, but the initial period of development may usefully be examineci. 
Figure 8-8 shows the exact result, and Figs .  8-9 and 8-10 show the rzsults 
of the approx-hate analysis when five and ten modes a re  accounted fo- . 
Again, the qualitativc agreement is quite good. 
the period of the wave decreases as the amplitude increases. For both the 
approximate and numerical analyses, obvious difitortion of the peak o . c u r s  
at about the fourth cycle. (The sharp jags in Fig.  8-8 may be due in p.lrt to 
the numerical routine. ) 
In tLis 
As one would anticipste, 
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E 
complete waveform 
I 
even harmonic 
4- l .  I I I I 
0 1 2 3 U 5 
TIME/PERIOD 
Fig .  8-9. Steepening of a standing wave in a pure gas according 
to the approximate analysis, with five modes accounted 
for: f = 900 Hz. 
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F i g .  8-10. Stt epcning of a standing wave in a pure gas ac- 
c o r d i n s  t o  the approximate  ana*ysis with ten m o d e s  
acc ounted for ;  f 900 IIz. 
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IX. AN API'ROXEMATION TO NONLINEAR VISCOUS 
LOSSES ON AN INERT SURFACE 
There are two reasons for examining the influence of viscous 
sttresses and heat t ransfer  at an inert  surface: these processes can be 
significant stabilizing influences: and in  the presence of oscillations, 
the average heat transfer increases substantially. The second is a 
nonlinear effect w h  ch has on occasion caused serious structural  prc b- 
lems, particularly in  liquid rocket motors. Thc main purpose of thls 
section is to  show one way of incorporating some experimental results 
within the analysis developed earlier.  
familiar linear resvlts wil l  also be recovered. 
As par t  of the argument, the more 
The viscous stresses and heat transfer a t  a surface are, of ccmrse, 
associated with a bclundary layer, but they can Le accommodated here  by 
suitable interpretation of the force F and heat suurce Q in the equati;>ns 
developed in 9 2 . It is only those terms which are required i n  this 
discussiort, so the wave equation for the p r e s s a e  fluctuation is simply 
The boundary con& .ion is 
For  this problem, then, the equation for the amplitude of the nth harmonic 
is 
The heat source Q' i s  taken here to be associated with thc heat flux vector 
q', and the force F with the viscous s t ress  t-sor 7: 
CI 
-9 - 
!9.4) 
CI 
Both G1 and 7'  a r e  significantly non-zero only in  thin regions near the 
boundary. 
positive inward, dv = dydS and 
Then i f  y denotes the coordinate normal to the wall, measured 
-. 
The conventions used here  a r e  that q' 
surface, is positive for heat transfer to the wall, and F', being parallel 
to  the surface, i s  positive when the force tends tr, accelerate the gas. 
the volume integrals of (9.3),  $ and V$ are essentially independent of n n 
y, so one can wr i te  
the component of q' normal to the 
+ 
Y D  
In 
(9 .6)  
+ 4 -. 
Here, the surface s t r e s s  is 7 W ' = - p(aul/ay)w, where U' i s  the veloc.ity 
fluctuation parallel :o the surface, so 
Only the linear s t ress  wil l  be treated, but both linear ar.d 
nonlinear contributions to  the heat transfer wi l l  be accommodated by 
writing 
Owing to the thermal inertia of the wall, T ' w U; the temperature flu:- 
tuation T ' far from the wall is that associated with the acoustic field. 
The average heat transfer coefficient, h ,  will  be assumed in  a manner 
described below, to  depend on the amplitude of the acoustic field. 
W 
m - 
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Equation (9. 3) can now be written 
First ,  calculation of the linear parts will be outlined. The known 
solutions for the velocity and temperature fluctuations in  a sinusoidal acoustic 
field a r e  
-hy i u t  
* -(Pr > ~ ~ x y  ,iwt 
ut = G t l - e  l e  
T' 5 T El-e 
1 
where 6,  'f a r e  the amplitudes far from the wall, and 
(9.11) 
(9.12) 
Thus, for purely harmonic oscillations, 
As in the preceding section, the replacemext i -. o a / &  is made, 
th  and for the n harmonic one has 
-e 
where (0 qn) ,, is the component of V q parallel to u' at the surface. n 
stitution into (9. lo), and some rearrangement leads to 
Sub- 
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where 
i9.14) 
it has been assumed that the motion far f rom the w d l  is isentropic, so 
r&=(r-l)(Top'/ ypo ). 
xbe .  
For a longitudinal mode k a straight cylindrical 
2 2 If (T-) '"n dS = / I  qn dS = rrDL/2 
and with Cm = 0, (9.14) becomes the familiar result for the decay constant 
for a standing longitudinal wave: 
I- 
The treatment of the remaining t e rm in  (9.13) rests on appeal to  some 
recent experimental results. Pe r ry  and Culick (1 C, 74) have reported meas - 
urements of the time- and space-averaged values of the heat transfer c x f -  
ficient in a T-burner a-ith propellant discs at the ends. 
ficient by ( G  ). 
Denote this coef- 
The data could be quite well represented by the expression 
1 - (u = 0.044 Re: k 
where 
(9.15) 
(9.16) 
The symbol 161 
tuation, namely that measured at the end of the T-burner; this i s  equal to 
represents rhe maximum amplitlide of the pressure iluc- 
th 
polTnl for the n mode. 
In the absence of any other information, two assumptions will be 
made. First, it i s  reasonable to assume that the local time-averaged heat 
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-ransfe- coefficient is also proportional to the square root of the pressure 
Lmplitude, as (9.15) shows for the space-averaged value. Hence, for the 
th mode, 
(9.17) 
where Kn is a constant to be determined. 
,9.17) is valid for a l l  niodes. From the definitions of and 6) , 
The second assumption is that 
(9.18) 
for a cylinder. It follows from (9.15)-(9.18) that the constant Kn is given as 
The integral has the value 
z 
L 1 L 1 / I $ '  1' dz = - / lcos knz Iz  dz 5 ,765 
L o  n L O  
so 
(9.19) 
Note that the mode shape cos (k 2) is used to obtain (9.19) because the data 
was taken in a uniform tube. 
result i s  supposed to be valid for a local surface element whatever may be 
the mode in the chamber. 
n 
The assumptions introduced above imply that the 
With (9.17), thi- last t e r m  of (9. 13) is 
The constants can be combined a s  
1 -  y-1  - - 2 a  H~ = 0.0575 # --?- (v fn a jn Pr y (9.20) 
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Equation (9.13) is now 
(9.21) 
(9.22) 
When substitutrd into the formulas (6. 1 )  and (6. 2) obtained with the 
method of averaging, t i e  linear te rms  give 
Define the angle cPn a s  
n *n sincpn = cos cp = 
B 
n 
(9.23) 
i9.24) 
and one can write 
The integrals (6. 1 )  and (6.2) arising from application of the method of 
averaging to the nonli1,ear t e rm a r e  
2w. 
where 8 w t. 
5 8 to give 
The integrals can be reduced in  much the same way as  those in  n 
The integral has value .478 and the final result for the nonlinear t e r m  in 
(9 .22 )  i s  
2n/w, 
1 .  
- 1  -sin unt 2n 
0 
The equations for A and B n n’ with only the viscous losses showr, are 
;her efor e 
2 2 L  (v) (An-Bn) - . 457  Hn An(An t Bn )4 dAn - = - a  dt n 
2 2 4  - -  dBn - - a(v )  (AntBn) - .457 Hn Bn(An tBn  ) 
dt n 
(9.26) 
(9.27) 
In the special circumstance when these equations a r e  applied to waves in a 
cylindrical chamber w.th an inert lateral boundary, 
- 1.836 Jn - - 
C 
R 
where R 
(9.27) can be written 
is the radius of the chamber. Then the zoefficient in  (9.26) and 
C 
(9.28) 
2 where the units a re :  Kc, meters;  7,  (meters) / sec  ; fn, Hz; and g ,  
meters/sec.  
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X. CHANGE OF AVERAGE PRESSURE ASSOCIATED 
WlTH UNSTEADY W A V E  MOTIONS 
There a re  often circumstances, particularly in solid propellant 
,;lotors, when a substantial increase of the mean pressure may accompany 
unstable oscillations. This can become a serious practical problem, hut 
it wi l l  be treated here only to the extent that one aspect is related to the 
analysis developed in the preceding sections. It should be remarked in 
passing that the likely cause of large DC shifts of chamber pressure in 
motors is usually a change in the Durning rate of the propellant, perhaps 
associated with the erosive action of unsteady motions parallel to the burn- 
ing surface. That subject will not be discussed ht,re. 
The main point of this section is that the zeroth t e r m  in the expan- 
sion (1 .6)  represents a DC shift of pressure;  the corresponding frequency 
and mode shape a re  (I) , ,  = 0 , Q0 = 1 .  
in other works as weli, the influence of a small a. erage change of pressure 
In all the preceding discussion, ,ind 
has been ignored. 
and can be used to compute the change of average pressure due to the un- 
steady motions, as well as its influence on the wave motions. 
and ( 4 . 2 ) ,  the equation for n is found to be 
A l l  the formalism developed in sections 2 and 3 is valid 
From ( 3 .  1)  
0 
7 
dLno 0 m m  
- (D .+.+E .?I.)- 'c [ A  .e + . t B o i j ' l . r . 7  . 
1 J  oij  i J i = O  j = C ,  0 1  1 0 1  1 2- i- 0 (13.1) 
The values of the coefficients Dei, E o i  
For example, with D,,i given by ( 3 .  41), one can easily determine the I-esults 
depend on the processes considered. 
- 
(10.  2 )  
(10.3) 
(10.4)  
2 
where the factor v ar :ses  from E 
the t e r m  arising from surface combustion; this ca? also be interpreted to 
= v . It is interesting also to examine 
0 
represent other sor ts  of processes as  well.  The te rm in question on t?,e 
right hand side of (3.4r)) is 
- -  
(1@,5 )  
For purposes of illustration, the fluctuation of the gases leaving the s u r -  
face is assumed to be simply related t o  the pressure,  and 63 is approxi- 
mated by (7. 7), 
Equations ( I O .  5 )  and (10. 6 )  give 
(1P. 6 )  
2 
in which the approximation 6. = -w. q. has again been used. 
with ( 3 . 4 0 )  shows that  the corrzsFonding additional terms on the right hand 
Comparieon 
1 1 1  
side of (10. 1 )  are  
The f i r s t  t e rm represents the contribution to the change of average prt-ssure 
in the chamber (real ly  the second time derivative) because the surface 
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combustion itself responds to  the average change of pressure.  
Suppose, for example, that all other t e rms  are  ignored and that 
the rp,sponsi. R (r) is ..Lniform over the surface. ?'hen (10.7) and (10. 1 I 
0 
(10.9) 
where Sb is the total i r e a  of burning surface. 
in 67, see eq. (7.4) a?d following remarks,  
the value of Rb (r) at 1 ' 1  = 0 ;  thlis, Q:r)(w=O) E n , and (10. 9 )  is 
According to the discussion 
( r )  may be approximated by 
0 
2 -- 
dtL 
d r .  -) - "b dt70 - --n dt b *  V 
The first integral is 
(10. 10) 
where p: is t?ie change of average pressure;  the constant of integration has 
been set  equal to zercI which merely sets  an accepta'ile initial condition. 
Now (10 .  10) is simply an expression of the change of pressure in a closed 
chamber due to mass  addition. T o  see this, note that conservation of mass  
provides 
where p, is the dens7f-y of solid and r is the linear burning rate. 
perturbation of this ecauation combined with the isf7ntropic relation p - pY 
The 
gives 
- 
But  r '  z n(p'/p,)F and p c F  
The point of this c l cmcn ta ry  cs:>tnl)lc is that  thc claborate formalism dc- 
, so  the last  equation becomes (10. i o ) .  
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veloped for unsteady motions does indeed contain familiar quasi-steady be- 
havior. 
rated in this analysis, but it will not be considered here. 
A t e rm representing the influence of erosion can also be incorpo- 
It may be noted that the rema! ling terms in ( I O .  7) sometimes con- 
tribute nothing. 
extending the entire length of the chamber, for example, the integrals uf 
q i  over the surface vaiiish. 
surface combustion thc.n contributc nothing to the hverage preL-iure in 1:ie 
chamber . 
For .:.le case of longitudinal modrs with a burning surface 
Interactions between the wave motions and 
The nonlinear terms contained in I, , eq. (3 .45) ,  also contribute 
to the average pressuine in the chamber. Only the parts containing p '  as a 
factor are  involved, and it is not difficult t o  use the results ( 3 .  5 8 )  and ( 3 .  5 9 )  
to determine the following formulas for the coefficients: 
- 2  
( 1 0 .  11) 
(10. 1 2 )  
A l l  others vanish: there a re  no non-zero values 0 -  A . .  for n,  i, or j equal 
t o  zero. 
"1J 
According t c ,  (10. 1 ), the nonlinear interactions produce a negative 
contribu' n to the sec and time derivative of the a7:erape pressure:  
(10.  1 3 )  
It is perhaps surprisiiig that the sign is negative. 
thc processes involved represent a dissipation of csnergy from the wav, mo- 
tions to the average s :  ate, m e  might havc anticip;ted a positive sign c , I  
sponding to a tendenc. to increase the pressure.  
howpvpr ,  c,lcar at thit, timc. 
Because in some sp.isc 
. 
The interpretation i>  ncit, 
T h t -  inflricnct: o f  c-hanginE averagc. prcssuri. will not bc c unsid<:red 
XI. rYPLICATIOn: TO THE STABILITY OF 
LONCITUDIhAL ?.IODES IN MOTORS AND T-BURNERS 
- - 
-
It has been shewn in F6 that the nonlinear terms simplify consider- 
ably ior  the case of lungitudinal modes. This sittiation will be treated 
her, for several  exm-ples. Some prel'. ninary results were reported "y 
Levine and Cdick  (19-71). .Application to  large mc4ors was e x m i n e d  by 
Culick and Kumar (19?4). The discussion here is to  demonstrate k .w che 
approsiniatc analysis c a n  be used to study pr, : t i i i J  configuraticns a n c  to  
provide a limited cor.parison n-ith the more esLct numerical results ra- 
ported else..vhere. 
For  a1.i the ca.culatio: *.*?rteC: in this section, the follcuing .na- 
terial  and thermodyn;.mic pi -,perties a r e  *isEd: 
specific heat s f  the g s s  
speci. 1 heat of the p, rtij ' material 
thermal diffusivity of the propellant 
Prandtl number of tht, gas 
viscosity of the gas 
Joule C = 2021.8 P kgm - Oh? 
C = 0.68 C 
H = 10 m /sec 
S P 
-7 2 2 
P r  = 0.8 
. 6 6  
u =  8. 834X10-4(T/3485) -'E In-sec 
isentropic exponent 01 t3e gas y = 1.23 
- 
linear ?>&irni q r a t e  0: the propellant r = 0 00812(p 0 /50C)'3 m i s e c  
density of the propel l  mt 
dc-nsit)- of the cnnden;..ed material 
3 
= 4r)OO kgm/m 
= 1766 kgm/m' 
p c  
PS 
-! 
11.  1 Applic-a, ion to a Small Cyliiidrical k:otor 
Because the n inlinear acoustics te rms  represented by I eq.\3.45), E '  
arc  given explicitly, :he first  sLep in th: anal)-sis consists in evaluating the 
cnintributions to the linear ' f'icientj a 2nd On . Folrr contributions t o  
!inpar s tabi l i ty  a r e  ii c l u d r d ;  ari+ing f'*-(,m the noi-zle, the condensed 1 la- 
r. 
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terial in the gas phase, the surface combustion prc cesses,  and the one 
dimensional approxim tlon to inelastic acceleratio 1 of flow issuing from 
the lateral  surface (!'f;Dw turning"). 
valses of En a r e  
Nozzle 
The formulaP for the correspondi 1g 
Particles 
Flow Turning 
Combustion 
1' 
P n 
(11.1) 
(11.2) 
(11.3) 
(11.4) 
The formula (1 1. 1 )  is based on quasi-steady behavior; the velocity fluc tua- 
tions a re  in-phase wirh pressure fluctuations at tl:e nozzle entrance. 1 Ience, 
the response function has no irnaginary part  and, a s  shown by eq. (7. IC ), 
the value of for th3 nozzle is zero. The te rm representing flow-ti.rning 
is the las t  one in ( 3 . 4 1 ) ;  there is no corresponding E ni ' s o  8 n is alst. zero 
for  flow turning. Tile only non-zero values a re  fcr the gas/particle k c e r -  
actions and combustic n; the first  is given by (8. 2: ) and the second by iise of 
(7. 10)  and ( 1  1. 4): 
( 1 1 . 5 )  
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Combust ion 
(11.6) 
The two exambles treated here were discussed in $7.4 of Culic : and 
Levine (1974), where .;he result of the numerical cnalysis is given. 
is for a motor having a cylir._trical bore and lengtl. 23. 5 inches. 
pressure,  port area,  and t h v a t  a r ea  differ and a l e  given below: 
E..ch 
The I lean 
(a) b) 
Length (in. ) 23. 5 23. 5 
3.33 4.73 Por t  Area (in ) 
I 4 3 9  .562 Throat A r e a  (in ) 
Pressure  (psia) 1568 1412 
2 
2 
These a re  the f i rs t  ai:d las t  cases given in T,>le 7-3 by Culick and Levine 
(1974). The fundamental frequency is 900 Hz. 
For  both case?, the particle diameter is z s s m e d  to be 2.0 microns 
and the mass  fractior is K = 0. 36. 
be tlie representation (7 .4)  given above, with A = 6.0 and B = 0.56. 
cause the pressur :s :,re differeiit, s o  a re  the flame temperatures in tP.e 
two cases;  for (a),  T = 3525OK and for (b), T = ?1515~K. The small r r i f -  
ference has only minor influence on the results. 
The combustiDn response is taken to 
Ee- 
f 
With the above- valiies, and the formulas ! I  1. 1 )  - (11.41, waves 
for case ( a )  a re  founc! to be stable. 
the first five modes ;.re given in Table 11-1  belo\ . 
tions produced an unstable wave which, with an initial amplitude of 5 i.er 
cent (fundamental mc .ie 1 eventually reached a limiting amp'.itude of 4. ! per 
cent. In view of the suL,essful comparison ior the cases treated in $ S for 
attenuation by particl dampin;, ard because the representation c.f the. 
The values of the decay constants for 
The numerical cz.icula- 
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a 1  
a 2  
=4 
a5 
3 a 
TABLE 1 1 - 1 .  Values of a and e for Three C a s e s  of n- n 
Urlsteady Motions in a Small Motor. 
-- Caz e (a) Case (aa) Case  (b) 
- 18.5 ( s e c - l )  8 . 0  ( s e c - l )  - 9 . 1  ( sec- l )  
-359 .3  -342.8 -334 .8  
-t to. 1 -583.6 -566. 5 
-5 15.9  -889 .4  -871 .4  
- 12 39.2 - 1262.7 - 1244.0 
12 .9  12 .3  64 .0  
46 .8  46. 8 34 .9  
- 2 9 . 3  -29 .3  -35 .6  
- 1  31.0 -131.0 -135.0 
-280.0 -280 .0  -283 .0  
-8 1 - 
combustion response is the same in the approximate and numerical analy- 
sis, a likely source of the difference in the results is the behavior of the 
nozzle. 
In the numerical analysis, the calculatims for the entire two-phase 
flow were carried out to the nozzle throat. The influence of the nozzle is 
buried in the results m d  its contribution to attencstion cannot be determined. 
For the approximate analysis, the influence of the nozzle is represented as  
a surface admittance function evaluated at  the nozzle entrance. 
sult (1 1. 1 ) is strictly valid for quasi-steady behavior of a gas only: it has 
been extended to the case of two-phase flow by using the value of 7 fo? the 
mixture. 
The r e -  
The point j i that there is reason to  expect that the contribution 
of the nozzle is different in the two analyses. 
AP a means of comparing the analyses, the value of the attenuztion 
constant associated with the nozzle is chosen to obtain he same limiting 
amplitude as found it the numerical analysis. 
the observation, elaborated upon further in ~ I L ,  -chat the values of the 
limiting amplitudes a r e  quite sensitive to the valiies of the linear coeffi- 
cients Q 8 . 
This procedc rests  cn 
n’ n 
Not a very large change is required. Equation (1  1. 1 )  gives a = 
- 1 5 3 . 2 5  sec- l .  If this is changed to -126.75 s e r - l ,  then a l  = 8.00 a id  
the limiting amplitude is about 4. 2 per cent. aild en 
fo;  five modes a re  given in Table 11-1, fo r  the case denoted (aa). Figure 
r* 
The values of the u n 
1 1  - 1 shows the amplitudes of the five harmonics (.onsidered; the funcl ions 
A and B a re  shvwri in Figure 11-2 and 11-3, ar?d a few cycles of tht- wave 
at  limiting amplitude a re  given in Figure 11 -4. 
n n 
The attenuztion by  the nozzle is assumed to vary linearly with the 
ratio J of throat are i to port area,  having the vdue  -126. 75 sec- ’  when J 
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has the value (. 132) for case (a). 
above, the approximai e analysis applied to  case (h) produces the results 
shown in the las t  column of Table 11-1. 
the decay constant for the f i rs t  harmonic being a - -9.12 sec- l .  
twenty cycles (. 02222 sec) the amplitude is roughly 3. 5 per cent according 
to the approximate analysis. The numerical analysis gave an amplitude of 
3. 02 per cent after tv.enty cycles. It appeared that the wave may haw 
stabilized a t  a limiting amplitude, but the calculation was not carr ied 
further. In view of iiie slow decay found with the approximate analysis, 
it may be thac the conclusion based on the numerical analysis, for onlv 
twenty cycles, is incarrect, based on incomplete results. If a t r u e  
limit was indeed reached, then of course the approximate analysis gives 
the wrong result. 
positive, haLag a va'ue less than 8. 00 . 
Then with the other required data given 
The initial disturbance is stable, 
A f t e r  1 -  
A limit of 3 per cent would be reached only i f  a i.; 1 
That nonlinea-* influences a re  in fact active, even at such relatively 
small amplitudes, is easily established. 
constant equal to -9. 12 sec - l  and a frequency of YO0 Hz. 
linear behavior, the amplitude would be 4. 08 per cent after twenty cycles 
i f  the initial amplituc'e is 5 per cent. The more rapid decay shown b) the 
nonlinear malysis is evidently due to the transfe.r of energy, throush ':he 
nonliilear processes, from the fundamental oscillation to higher harm-onics 
which a re  then attenttated much more rapidly. Nonlinear particle darllping 
was included in the approximate analysis but, as  one should expect fo . the 
small anipl i t~des arising in these examples, its influence is negligiblv 
small. 
Consider a wave having a decay 
According to 
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0.0 0.c5 0.10 0.15 0.20 0.2s 0.30 
Figtire 1 1  -1 .  A m p l i t ~ i d e s  for unstable osr,illatlons in a motor, 
c a s e  ( a a )  of Table 11-1. 
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0.0 0.05 0.10 0.15 0.2c 0.2s 0.30 
*. ,IE( SEC ) 
Figure 11-2. The iiinctions A ( t )  for casc (aal  of Table 11-1.  n 
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0 
cv 
0 
9 
ze 
0 
0 
0 
I 
v) 
0 
I 
9 
D4 \ 
\ 
0.0 0.05 0.10 0.15 0.20 0.25 0.30 
T I  ME( SEC ) 
E'igcre 11 - 3 .  'I'hc. funct ions l%n( t )  for c a s ( '  (aa )  of Table 11- 1. 
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I I I 
1 I I I 
0.0 0 .mu0 0.0080 0.0120 0 mol 60 0 .cRou 
TIME( SEC) 
Fig.  1 1  - 4  Waveform at l i m i t i n g  a m p l i t u d e  f o r  the  e x a m p l e  shown 
i n  Fig.  11 -1.  
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11. 2 Application to a T-Burner 
The numerical analysis has also been used to analyze a T-burner. 
Data of Both the cdculation and the data a re  for  flush cyliadrical grains. 
course can be obtained only approximately at that ilush condition. 
Most of the properties used a re  the same as  those listed above, with 
the following exceptions. The flame temperatlire is 3264'K, the particle 
diameter is 3. 0 microns, and the parameters in the combustion respo;ise 
a re  A = 8. 8 , B = 0. 6'7 . 
The T-burner differs from a motor most importantly in two respects: 
the vent is in the cent;:r, and there a re  substantia1 areas  of inert surf2ce. 
Apart from possible interactions between the non-uniform mean flow and 
acoustic velocity, one expects that the center vent should have very little 
influence on the fundamental mode. Indeed, all odd modes, which hav? 
pressure nodes at  thc center, should not be much affected. indeed, all 
odd modes, which have pressure nodes at the center, should not be much 
affected. In the calcl.lations discussed here, the vent is assumed to have 
no effect on the odd modes. 
Because the even modes have pressure anti-nodes a t  the center of 
the burner, they w i l l  be influenced by the vent. ?'or comparison with the 
numerical results g i i  en by Levine and Culick (1974), the flow in the vcbnt 
is  assumed to be dubsonic and to respond as a plug flow. If the p lug  has 
effective length .C 
the vent exhausting into a surge tank,  then the equation of motion for  the 
, md the pressure downstream is essentially conscant, 
V 
plug  is 
. C - - p ' ,  du' 
v dt ( 1 1 .  71 
where u '  is positive Jutward from the burner. For  harmonic motions, .lie 
-88- 
amplitude of the motion is 
A i A 
= - p , " d v p  ( 1  L .  8) 
The admittance function for the tth mode is therefore given by the formula 
(11 .  9 )  
Because the velocity fluctuation of the plug is ninety degrees out of phase 
with the pressure,  the admittance function has no rea l  part and there will 
be no contribution to the linear decay constant. 
vent as  linearized inviscid plug flow introduces no losses.  
The representation of the 
If viscous ef- 
fects or  radiation to the surroundings a re  included, the phase between the 
velocity and pressurc fluctuations is changed .md there a r e  then associated 
energy losses. 
The influence of the vent is  accommodated in the nonlinear for-mu- 
lation by the term containing CZ in (3.401, where R is defined by (3.41.). 
Let F 
the equation for the amplitude I I f  the nth mod€ is 
denote that t e r m  so that, i f  only the effect of the vent is consirIered, 
V 
2 = F  ( 1  1. 10) 7, + ''0 'n V 
.. 
R V = -(p o v  u't;I,J-&) 
Poa 
( 1 1 .  1 1 )  
The argument used i .  $7 will  again be used here t o  adapt the admittar :e 
function ( I  1. 9),defined only fcr harmonic motions, to the general cast, of 
unsteady motions. Then Fv can be written 
~ 
.I, - . 
Note the negative s i p  in  R to  account for the fact that both u' and 
V V \ 
are  positive outward. 
- 8 9 -  
- 
The integrand is nearly constant over the vent, and with E," = S L/2  c 
c C 
( 1 I .  13 );: 
Accordkg to the r u l e  (6. lo),  the linear coefficients for +he nth m2de .ore 
( 1  1. 14) 
( I  1. 15) 
If the mean flow term (proportional to Gb in (11. 14)) is neglected,and the 
admittance function is  purely imaginary, as fcr  ( i l .  9 ) ,  then only the a.oef- 
ficients 0 for the eiren modes are affected by tho oscillating plug flow. 
It is not difficult to work out the formulas for the linear coeffirients 
n 
arising from cornbusyion, pai*ticle/gas interactions, flow-turning, and heat 
lossps the lateral  boundary. They are  given here  for the case of crlin- 
dr 'cal  grains of lengt2 Lb extending from the ends. 
Coin b u s  t ion 
( :  1. 16) 
(11. 1 7 )  
-- 
.4. -0- 
Here, S, = nRC2 is t3e cross-sectional area of the burner, S, is the c r c . g s -  
sectional area of the vent, and s b  is the area of burning surface in one half 
of the burner. 
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Particles 
- - A I  
Flow Turnine s:n2krLb 1 L - U 
C knLb 'n 
e = O  n 
Linear Heat Losses 
(11. 18) 
(1  \ .  19) 
( 1  i .  2 O j  
(11.21) 
0 = - a  n n (11.23) 
Once again, the comtustion response is  assumed to be given by ( 7 . 4 )  for 
pressure coupling oniy. 
Both nonlinea pdrticlc damping and n o n h e a r  heat loshes are in- 
cluded in the calculat-ons. The first  has already been discussed: the iormu- 
lab a re  the same as  lnose used in 5 8. Nonlinear heat losses a re  handled 
approximately by usirig the formulas worked out fo r  a tube, in E9 , bu' 
weighted by the propcrtion of Iat,?ral surface which is ineTt. Thus, the cu- 
efficient given by (9. L8) is multiplied by (L-2L ) / L  . 
heat transfer may be important in  setting the valt,es of limiting ampliddes,  
,4lthough nonlinear b 
particularly for tests with unmetallized propell arks, very little is known at  
the present tune. Nc extensive ni:merical results have been obtained spe- 
cifically to determint. its influence. 
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Calculations have been done for an example treated numerically by 
Levine and Culick 11974). 
examples discussed in 411.1. Owing to heat losses, the temperature in the 
chamber is assumed to be somewhat lower, T =3264OK, roughly in accord 
with 3bservatjP:b. 
crons, and the parameters in the combustion response a r e  A = 8.8, B = 
0.67; these values w e r e  chosen somewhat arbitrari ly to produce the cor -  
rect  growth rate of unstable waves, and should not be taken as representing 
the actual behavior oi the propellant. The computed results w i l l  depend 
quite heavily on the combustion response. The main purpose here  is to 
compare the approximate and numerical analyses. 
The propellant is the same as that used in the 
f 
Also, the particle diameter is assumed to be 3.0 rni- 
With  the data given above, and with L = 23.5 inches, R = 0.75 inches, 
C 
the values of the constants an and an a re  listed below in Table 11-2 for two 
values of Sb/Sc. For Sb/Sco = 7.06 ,  two cases a r e  shown: in case (a), 
there is no influence of the vent: and in case (b), the unsteady flow in ibe 
vent is treated as a plug now, as described above. The values of the an 
and On a r e  listed in Table 11 -2. computed with hc a t  
transfer neglected agree almost exactly with those deduced from the unstable 
waveforms produced ay the numerical analysis. 
five harmonics, for the case S /S b c  
a r e  shown in  Figure 11-5. 
B 
for  behavior in a mo1.m covered in 4 11. 1. 
reached finite limitizg amplitudes when the functions An and Bn oscillate 
with fixed amplitudes and frequencies, 
without limit, and although the amplitudes of the higher harmonics shDw a 
The values for a 1 
The amplitudes of the first 
= 7.06 and with no influence of the vent, 
In Figures 11 -6 and 11 -7 the functions An and 
a re  shown. These should be compared with the results for the e x m p l e  n 
For that case, all harmonics 
Here, the f i rs t  harmonic grows 
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0.0 0.01 0.02 0.03 0.a 0.05 0.06 0.m 
TIMECSEC) 
Figure 11-5. Amplitudes for unstable oscillations in a T-burner, 
case (a) of Table 11-2 (no influence of the vent). 
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0.0 0.01 0.02 0.m 0.w 0.06 0.06 0.07 
TIME( SEC 1 
Figure 11-6. The functions A,(t) for case (a) of Table 11-2. 
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TIME(SEC1 
Figure 11-7. The f i  nctions B ( t )  for case (a) o! Table 11-2. n 
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TABLE 11-2. -- 
V a l u e s  of an and en for Two Cases of 
Unstable Motions in a T-Burner. 
=1 
=2 
3 
4 
a 
CIL 
u5 
Case (a) Case (b) 
73.9 ( sec- l )  73.9 t sec- l )  
-319.2 -319.2 
-725.7 -725.7 
-1 195.0 - 1195.0 
-1691. 1 -1691.1 
49.2 
7.5 
- 186.0 
-490.5 
-915.0 
49.2 
- 1560.0 
-186.0 
- 1275.0 
-915.0 
decay period after about 0.05 seconds, they too -.ventually grow withorit 
limit. It is a curious result that the functions A (t) and A (t) are almost 
identical; note that Bl ( t )  and B2(t) are considerably different. 
occurs in this special case is an unanswered question. 
1 2 
Why this 
The amplitudes and the functions A (t), Bn(t) are shown in Figures 
11-8, 11-9, and 11-lU for the case (b) of Table 11-2. Comparison with the 
results for case ( a )  S’IOWS the influence of the plug flow. As noted above, 
this treatment of the :ent provides no losses, but there is a change in the 
relative phases of the harmonics, because the values of e2 and 9 
quite considerably affxted.  
the amplitude of the first harmonic in the period .05  - .09 sec. ,  after which 
i t  again grows without limit. 
n 
arc 4 
The most notable feature is the decrease of 
The values a re  unred;.stically hjgh, much 
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1 I: 
0.0 0.02 
Figure 11-8. Amplitudes for unstable oscillations in a T-burner, 
case ('1) of Table 11-2  (unsteady fl.>w in the vent 
treated as a plug flow). 
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I I I I I I I I I I I 
I 
0.0 0.02 0.04 0.06 0.08 0.10 0.12 
TIMECSEC) 
Figure 11-9. The functions A n ( t )  for case (b )  of Table 11-2. 
-98- 
0 
ln 
0 
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009 
0 
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0; 
0 
0 
I 
c? 
0.0 0.02 0.04 0.06 0.08 0.10 0.1 2 
TIME( SEC ) 
Figure 11-10. The Functions B,(t) for Case (b )  of Table 11-2. 
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larger  than those obscrve6 for the tests which were the basis of these cal-  
culations. 
It is a puzzling difficulty at the present time that for apparentlSy 
realistic values of the dzta required, the calculated amplitudes for  motions 
in a T-burner are much too large and may even grow without limiting. This 
has been the case with other examples not included here. 
culty was encountered in the numerical calculations. 
the numerical results seemed to indicate that the amplitude was limiting, 
a t  a value of roughly .37, a t  approximately .08  seconds; after this time, 
the amplitude of the fundamental mode according to  Figure I 1  -8 begins to 
grow again. 
A similar diffi- 
Fo r  the case (b), 
The numerical results were not carr ied out further. 
Thus, for the examples treated here, limiting behavior has not been 
obtained for the unstable motions in a T-burner. Even with the growth con- 
stant for the fundameiltal mode arbitrari ly reduced, the amplitude grows 
without limit; as a 1 
tude to reach unity. 
for  a motor. In both cases, reasonable values of the required data have been 
used. But as shown by Tables 11-1 and 11-2, the relative values of the an, 
0 
the origin of the difference in nonlinear behavior, but the details a r e  not 
known, and no generzrlizations can be offered. 
The difference between cases of limited and unlimited growth appears 
tends to zero, a longer time is required for the ampli- 
This is a striking contrast with the results obtained 
for the various harmonics a r e  considerably different. This is clearly n 
strikingly in the functions An( t )  and Bn(t). If the value of en is non-zero, 
both fmctions oscillate (see 0 12.2) when the amplitudes limit. Otherwise, 
the behavior has no covious pattern. The contrast may be seen by comparing 
the results of 411.1 wjch those shown here. This question is remarked upon 
further in 612.2, but iA general answer is yet to be found. 
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XII. THE CONNECTION WITH LINEAR STABILITY ANALYSIS AND 
THE BEHAVIOR OF Ai’I’ROXIMATE NONLINEAR SOLUTIONS 
Most problems of combustion instability in solid propellant rockets, 
liquid propellant rockets, and in thrust augmentors have been studied by 
using linear stability analysis. 
struction of the analysis given here, and in the examples covered in §$:  8 
and 11, that the linear coefficient an is exactly the familiar decay o r  
growth constant for the nth harmonic. 
results (cf. eqns. (4. 18), (4. 19), and (6. 10)-(6.  12)) is that the co r re -  
spondence is so readily established and obvious. In practice, this means 
that the numerical results obtain2d from linear stability analysis may be 
It has been emphasized in the formal con- 
One of the appealing features of the 
used directly in the approximate nonlinear analysis. Indeed, for the cx- 
amples given in 5 11, the cost of doing the necessary linear calculations 
was comparable to that of the nunerical  solution to  the nonlinear equations. 
In 0 12. 1, the relation betweeLi the present analysis and the more familiar 
linear stability analysis is elaborated upon further. 
One of the interesting questions which a r i ses  in connection with the 
nonlinear analysis is: under what conditions will the motions reach a 
limiting amplitude? Put another way, for what r a g e s  of the linear coeffi- 
cients [ un , en! will the system of coupled nonlinear oscillators exec lite a 
limit cycle? 1 , the >resent time, the answer to  Lhis question is not kiiown, 
and therefore it is a l s o  not possible to offer any reneralizations about the 
values of limiting amplitude, and how they depemi on the linear coeffi1:ients. 
A few remarks on this subject, which meri ts  fur .her  work, a re  given in 
6 12.2. 
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12. 1 The Connection with Linear Stability Analysis 
A l l  analyses of linear stability a r e  ultimately related in one way o r  
other to the inhomogeneous wave equation with inhomogeneous boundary 
conditions, having the form 
9 
(12. 1)  
G . Vp' = -f (12.2) 
For the formulation given ear l ie r ,  h stands for the s u m  of h 
linear part  of hv in eq. (3. 8); f represents f 
and the 
II 
f and the linear part  of 
8 '  u. 
f in (3.9:. 
V 
The linear sti.bility of n o r m a  modes is studied by assuming that 
(12.3) 
and the problem c o r n s  down to determining the mode shape c(; )  and the 
complex wave number k : 
1 
a 
k = - ( w - i U n )  (12.4) 
where an is the grovth constant for  the perturbed nth mode. Because h 
and f a r e  linear in  Ferturbations (they both contain the velocity u '  ,s well 
4 
as  p') ,  they may be written in the form 
(12. 5 )  A .-, izkt 4 A ixkt h ( r , t )  = h ( r ) e  , f(r, t )  = f e 
Then (12. 1) and (12.2) become 
v2i; t k2; = h 
n A 
I1 vi; = -f 
(12. ha) 
(12. 6b) 
The functions and f^ a re  of f i rs t  order in the Mach number of the mean 
flow, assumed to be small. 
a formula for k , valid to f i rs t  order in the Mach number (Culick 1975, 
It is then a relatively simple matter to c'cduce 
2 
for example): 
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( 1 2 . 7 )  
Equation (12. 7) is babed on an iterative procedure,: this first approximation 
requires substitution of the unperturbed mode shape ( J r  ) for the acoustic 
quantities appearing in h and f . 
n 
A A 
Because un/m 4 1 , the rea l  and imaginary parts of (12.7) can oe 
written 
(12. 8 )  
(12. v )  
It is helpful to make ?he discussion more specific by considering only one 
t e rm for a specific problem. For this purpose, the contribution from 
surface combustion i l l  a cylindrical motor serves quite nicely. 
cording to eq. ( 3 . 4 ) ,  
Then ac- 
a? A 
o a t ' "  * f = p  
so 
A 
A 
f = iFkpoG* . 
(12.10) 
(12.11) 
Then with the definitions introduced in 0 7.6,  and if  non-isentropic tem- 
perature fluctuations a rz  ignored, (12. 11) can be expressed in te rms  of 
the response function: 
Substitution into (12. 8)  and (12. 9 )  gives 
(12. 12) 
(12. 13) 
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(12. 14) 
Now because it is a requirement, in order for th, 
that the perturbations be small, w m u b t  not differ 
(12. 13) can be written 
- 2  ) 6wn = W - L U ~  M Y U  ( -  )Rb 
Rc 
calculation to be valid, 
much f r o r -  ‘1’ Y O  -n ’ 
(12. 15) 
More generally, (12. 8)  gives 
3 9  
For  most work in the past dealing with combustion instability, the 
frequency shift due to  perturbations has been ignored. It is normally too 
small  to be distinguished in experimental work. However, it happens, ae 
the example in P 11.2 suggests, that the nonlinear behavjor - -  in particular 
the limiting amplitiide - -  may be qui te  sensitive to those characteristics 
which cause a linear frequency shift. The reason is that the phase rela- 
tionships between the various * irmonics a re  affected. 
The formal connection be+*een the linear stability analysis and the 
nonlinear analysis based on the method of everaging may be seen most 
quickly by comparin;! eqs. (12. 14)  and (12. 1 3 )  or  (12. 15) with eqs. (7.  9 )  
and (7. lo ) ,  which for a cylindrical grain become (1  1. 4) 
this special case, the values of u a re  iha same, and n 
e = - 6 w  . n n 
The fact that the linear coefficient en  is the negative of 
can be shown quite easily by starting with the definition 
q n  = Gn sin(tuntt +n) = An sin(irint) t Bn cos(lfint) . 
The frequency of the actual wave (i. e . ,  when perturbed 
and (11.5). For 
(12. 17) 
the frequency shift 
3f  7,: 
(12. 18) 
from the mode 
havinz frequency wn ) is 
d 
n '  , 4  ..I - cwnt + q = UJ + i n 
so 
6wn = 6, . (12. i9) 
Now tan +n = B,/An , and differentiation with res?ect to  time gives 
(12.20) 
The linear parts of ths  equations for A and Bn are ,  f rom (4. 18) and n 
dB e 
unA,+ enBn t 
= dnBn - enAn 
(12.; la) 
(12.2 lb )  
From these it follows ha t  
- - -  - , 
and substitution into ! 12.20)  gives the result 
bwn = cj)n = - 8  . (12.22) n 
This relation has been referred to in 6 8: numerical results for the shift 
of frequency (or dispersion) associated with gas/particle interactions a r e  
given in Table 8-1. 
The main point here is that numerical results obtained with the ap- 
proximate nonlinear tLnalysis have shown that the nonlinear behavior may he 
quite sensitive to the qilantity en = -6wn , which has largely been igncired 
in linear stability analysis. 
It should be cfear that the relation On = -bw is t r u e  in generai, n 
and cot just a s p e c k  result for surface combustion. This can be seea di- 
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rectly by returning to  eq. (3.15) for 7 
terms incorporated in h and f used above: 
and retaining only the linear n '  
-2 
\+wn  2 = -+[ JJlnhdV t @$,fdS] . 
POE* 
(12.23) 
A A 
For harmonic motions, 
proportional to 
= 3' exp(i&t) and because both h and f are 
the factor can be dropped, so that (12. 18) becomes n '  
-(w-ia) 2 2  +wn = - '7- 2 [ J$<dV f H$,;dS] . 
PoE, 
The real and imaginary parts are once again (12.8) and (12.9) 
When the method of averaging is applied to  (12. 18), the right hand 
side is expressed as a combination of terms depending on T$ o r  'rli , eqns. 
(4. 1) and (4.2); with only the linear terms retained, (12. 18) is 
The analysis developed in $4 leads to the first order  differential equations 
(4.18) and (4.19) for An and Bn . 
there  are terms representing linear coupling b e b e e n  the modes providing, 
of course, that the coefficients Eni, Eni don't vanish. These terms do not 
a r i se  in the usual linear stability analysis because the restriction is en- 
Those equations show that in general 
forced from the beginning that the motion consists only of a wave having a 
single frequency. 
longitudinal modes, the equations for the A 
to  be (12.21a, b), with 
If dl the Dni and Eni a r e  zero, or for the case of 
n and Bn are eventually fcund 
N i  
Dm E 
-2 - e = n (12.25) 
The only remaining point to establish is that the an 2nd en are the 
same as defined by eqns. (12.9) and (12. 16). This is easily shown in 
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special cases. To see that the equalities are true in general, begin mth 
the two expressions (12.23) and (12.24) for the right hand sides, and 
Now the same argumcnt is used for the left hand side of (12.26) as that 
introduced first in tht paragraph preceding eq. (7 .7 ) -  Namely, the ap- 
proximation is made tor harmonic motions, TI = i;r TI . Put another way, n n n  
because the Dnn, Em are already small quantities, and real, then for 
harmonic motions, 
ix  t n D < ? ^ e  nn n n n n n  
The real and imaginary parts of (12.26) are then 
-2 
p a l 2  
Dm = a &I[!$ n CdV + ~ ~ $ , r ^ a s ]  , (12.27) 
n n 
(12. i8) 
ComGarison with (12.8) and (12. 16) shows immediately that an = -D  
and en = -E /2x a- required. n n n  
12.2 Remarks on thc Behavior of Solutions Obtained with the Approximate 
Nonlinear Anal*.rsis 
/ 2  N' 
For the examde given in 0 11. 1, in which all amplitudes reach 
limiting values, the iunctions A,(t) and B,(t) both oscillate, with the same 
amplitude and a phase difference of rr/2 after the limit condition has Seen 
reached. This sor t  ,>f  behavior has been most commonly found in cases 
for which the motion eventually executes a limit cycle. There a r e  examples, 
as shown below, in u hich the AI; and Bn as well as the amplitudes 
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J A T  tend in the h i i t  to constant values. If a limit cycle does not 
exist, there seems to be a wide variety of possible behavior. 
n 
One example 
has been given in 4 11.2; several  more will be included in  this section. 
According to tie discussion in $12. 1, the l inear behavior of the 
functions A (t) and E; (t) is oscillatory with expcnential growth or deLay. 
The frequency of the oscillatio? is en, the negative shift of the n o r m a  
frequency w n .  
n n 
To see this explicitly, note that b~ definition, 
(12.29) 
According to (12.22), $n = -en , so +n is a constant minus 8 t . 
An and Bn both oscclate a t  the frequency en. 
this result, and at  thf: same time incorporating the nonlinear in."uences, 
Hence, n 
Another way of establhhing 
may be had by combining the equations for An and Bn; write these in the 
form 
iBn 'LnBn - enBn + B, (12. $1)  'dt = 
where fn, gn stand for nonlinear terms and, in the general case, for ;inear 
coupling terms as well. 
Differentiate (12. 30) with respect to time m d  then use the two equa- 
tions to eliminate Bn and in . A similar procecture can be applied to 
(12. 31). The two second-order equations for A and Bn a r e  produced: n 
d2An d*n 2 2 -2an dt t (on t e n  ) A ~  = fn-unfn+engr , 2- 
- e  f . d2 Bn dBn t (;L 2 2  t e n  )Bn = i,-angn 
- 2 a n d t  n 
(12. J2) 
(12. J 3 )  
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These equations represent two coupled nonlinear oscillators asso- 
ciated with each of the normal modes. The homogeneous solutions for  the 
1i.n ?-Jr operators a r e  
u t ient n e e  A. An’ Bn 3 (12.34) 
i o  !?at for an unstable mode, the An, Bn exhibit oscillatory growth o r  de- 
cay. show the limiting behavior 
note.1 above, the nonljnear terms on the right hand side must be taken into 
For  cases in wk,ich the amplitudes An, B n 
accvunt. If they have relatively small influence 0.1 the frequency, then in 
the limit cycle, both 411 and Bn oscillate with frtquency On , the neg-ltive 
af the: frequency - shift of the frequency for the primary oscilla-ors repre-  
sented by the r, . 
11 
But if the motion does go into a limit cycle, the nonlinear tern 3 on 
the right hand sides cj;: (12. 32) and (12. 33) must hive some influence. 
pu -ely oscillatory behavior would be produced by (12.32) if the term 
-20. A 
A 
is exact’; coi-ipensated and if the remainder of the right hand side n n  
cop t r lx t e s  a t e rm proportional to A . n 
likely very useful to determine the general conditions under which solutions 
of that type do o r  do 7iOt exist. 
It would 5e interesting and quite 
Eciuation ‘12. ‘4) shows that if en = 0 , the functions An and Bn do 
There a r e  cases in which thac. be- not oscillate w . i m  the motion is linear. 
havior persists when nonlinear influences a r e  act ounted for (see case (ii) 
below): ,nd there a re  conditions under which the .9 
o s -  Jato7-y even though 8 f 0 (case (iii) below). Again, quantitative zener- 
dizations would prok ably be very useful for practical applications. 
and Bn a r e  not  rely n 
n 
Cvte -Nay of at*acking this problem would t 3  to use the method of  
averaiing to solve (1’  . 3 2 )  and (12. 33). This would not give general r.:sUlts 
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covering a l l  possibilities, but it might yield information at least in respect 
to the conditions for ciscillatory behavior of An(t) and Bn(t). 
No formal results have been obtained for the general behavior of 
rhe practical importance of pursuing the problem lies in the solutions. 
the pcssibility for defining the ranges of values of the linear coefficients, 
an and en , for which limit cycies exist; and for determining the dependence 
of the limit amplitudes on those parameters. 
In the absence of general results, the problem has been studied in 
a very modest way simply by carrying out calculations for special cases. 
Seven examples are included here; the values of c and en are listed in 
Table 12-1. 
the relatively nice oscillatory behavior of the functions An(t) and Bn(t) . 
For each case, the results are shown for the anplitudes and for the A (t): 
the B,(t) behave qualitatively like the An(t) in all cases. The calculations 
were done for five modes, but to make the figures a bit less crowded, only 
the curves for the first three modes are shown i n  Figures 12-4 to 12-7. 
n 
Case (i! has been chosen as the reference because it exhybits 
n 
Note that in the reference case, Figure 12-1, the first mode i s ;  un- 
= -lob sec - 1  stable and all higher modes are rather heavily damped with a 
Case (ii), Figure 12-2, shows the change to non-oscillatory growth of the 
An(t)  when On = 0 . Cases (iii) through (vi), Figares 12-3 to 12-6, show 
the influence of makirig each of the higher modes neutrally stable. 
sults ieflect at least partly the strength of the co*ipling between the fi-st 
and each of the highel: modes. Evidently the h ig l s r  odd modes are m )re 
strongly coupled to t:te fundamental than are the higher even modes, 
a 3  or a equal to zcro, the motions grow without limit: but when a 
a 
detail. 
. n 
The re- 
Ni th  
or  5 2 
are zero, the mo:ion does reach limit cycles, although they differ in 4 
Even the quatitathe aspects are not obviaus from the equatioas 
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( 6 .  16) - (6.20) which have been solved. 
Figure 12-7 for case (vii) is included as an illustration of somewhat 
more erratic behavior which often ensues if more than one mode is un- 
stable. Still more extreme cases have been encountered, but nothing can 
be accomplished by mustering all the results which have been obtainec. 
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Fig. 12-2(b) The fun(.tions A (t) for case (ii), n 
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Fig. 12-4(b) The fun:tions A,(t) for case (iv). 
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Fig.  12-5(a) Amplitudes for case (v); values of 0 and u s a m e  
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Fig.  12-5(b) The furctions A n ( t )  for case (vi). 
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Fig.  12-6(a) Amplitudes for case (vi); values of en and an s a m e  
as case ( i)  except a5 = 0 . 
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Fig. 12-7(a) Amplitudes for case  (v i i ) ;  values of On and an s a m e  
as  for case  ( i )  except a2 = 0 and a3 = 16 . 
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